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Abstract

In the first part of this paper, we prove Holder and logarithmic stability estimates
associated with the unique continuation property for the Stokes system. The
proof of these results is based on local Carleman inequalities. In the second
part, these estimates on the fluid velocity and on the fluid pressure are applied to
solve an inverse problem: we consider the Stokes system completed with mixed
Neumann and Robin boundary conditions, and we want to recover the Robin
coefficient (and obtain the stability estimate for it) from measurements available
on a part of the boundary where the Neumann conditions are prescribed.
For this identification parameter problem, we obtain a logarithmic stability
estimate under the assumption that the velocity of a given reference solution
stays far from zero on a part of the boundary where the Robin conditions are
prescribed.

1. Introduction

We are interested in stability estimates quantifying unique continuation properties for the
Stokes system in a bounded connected open domain @ C R?, d € N*, as well as their
consequences for the stability of a Robin coefficient with respect to measurements available
on a part of the boundary. In this work, we will consider the Stokes system:

—Au+Vp=0, inQ,
divu =0, in 2,
where u and p denote the fluid velocity and the fluid pressure, respectively. For such a system,
and more generally for the unsteady Stokes equations with a non-smooth potential, Fabre and

Lebeau proved in [18] a unique continuation result. In the particular case of the steady problem
(1.1), their result is the following:

(1.1)
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Theorem 1.1. Let w be a nonempty open set in Q2 and (u, p) € HILC(Q)d X leoc(Q) be a weak

solution of system (1.1) satisfying u = 0 in w. Then u = 0 and p is constant in Q2.
We easily deduce from the previous theorem the following result (see [7]).

Corollary 1.2. Let y be a nonempty open set included in 92 and (u, p) € H' ()¢ x L*(Q)
be a solution of system (1.1) satisfying u = 0 and % —pn=0ony.Thenu=0and p =0
in Q.

One of our purposes is to obtain stability estimates in €2 which quantify these unique
continuation results and which are valid for any regular enough solution of (1.1) without extra
boundary conditions. More precisely, we obtain two kinds of inequalities. The first inequality
stated in the following theorem is a local stability estimate of the Holder type.

Theorem 1.3. Let w be a nonempty open set and K be a compact set, both included in Q.
Then, there exist c > 0 and 0 < B < 1, such that for all (u, p) € H' () x L2(Q) solutions
of (1.1), we have

el gy + N2y < cUlull gy + ”p”Lz(w))ﬂ(”u”Hl(Q)d + ||p||L2(Q))l_ﬂ~ (1.2)

Then, we obtain two global logarithmic estimates. In the first one, we estimate the (u, p)
solution of (1.1) in the H'-norm on the whole domain with respect to the L*-norm of (uir, pir)
and (%IF’ Z_Z\r)’ where I' is a part of the boundary of €2. In the second one, we obtain an
estimate of the (u, p) solution of (1.1) in the H'-norm on the whole domain with respect to
the H'-norm of u and p in an open set @ C €. To be more specific, we prove the following

theorem.

Theorem 1.4. Assume that Q2 is of class C*®°. Let 0 < v < % Let T be a nonempty open subset
of the boundary of 2 and @ be a nonempty open set included in Q2. Then, there exists dy > 0,
such that for all B € ((), % + v),for all d > dy, there exists ¢ > 0, such that we have

Nall 3. o, Pl 3
HIY (@) HI"(Q)
”u”Hl(Q)d + ”p”Hl(Q) g c lull Flpl (13)
e
el 2.y H1PN 2 0y 202 g 12 2
and
el 3., ., +1pll 3.,
P [ —_ o2 @ (1.4)

el ., IRl 5
H2 T (@) w2t )
(ln (d Tyt ot 12Tt ) ))
for all couple (u, p) € H>H (Q) x H>P (Q) solutions of (1.1).

From the point of view of the unique continuation results stated previously, these estimates
are not optimal. Indeed, one can note that our stability estimates require more measurements
than the Fabre-Lebeau unique continuation result. For instance, in theorem 1.1, the unique
continuation result only requires the velocity to be equal to zero, whereas in inequality (1.2),
we need information on u and p on w. Moreover, note that, in (1.3), the constraint % — pn
which appears in corollary 1.2 is divided into two terms: % and pn, and that there is also
an additional term, the normal derivative of p. Nevertheless, even if these estimates are not
optimal, they are satisfied without prescribing boundary conditions on the solution and have
the advantage of providing an upper bound both on u and p. These two points will be crucial
in solving the inverse problem of identifying a Robin coefficient defined on some part of the
boundary from measurements available on another part of the boundary, where one needs to

estimate both u and p. For an optimal three-balls inequality which only involves the LZ>-norm
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of the velocity u, we refer to [24]. Note yet that by applying theorem 1.3 or its quantification
obtained in [24], p is only known to be a constant. The result obtained in [24] would not enable
us to deal with the inverse problem we are interested in.

As in [25], where quantitative estimates on the unique continuation property for the
Laplace equation are established, we use two kinds of local Carleman inequalities to prove
theorems 1.3 and 1.4, one near the boundary and one in the interior of the open set €2. In each
case, the method consists in applying the Carleman estimate to # and p simultaneously, by
using the fact that Au = Vp and Ap = div (Au) = 0, in order to free ourselves from terms
on the right-hand side of the inequalities. It is interesting to note that if we directly apply the
estimate coming from [25] to the (u, p) solution of the Stokes equations, and if we apply the
same reasoning as explained above, we obtain V p in the L?>-norm over all  on the right-hand
side of the inequality which we cannot discard. Consequently, we cannot prove theorems 1.3
and 1.4 without going deeply into the heart of the proof. Note that the proof requires the
domain to be C*°. One could surely consider less regular domains as in [9] where Lipschitz
domains (but smooth solutions) are considered for the Laplacian problem. Note furthermore
that this C* regularity is not so restrictive since we will only need the domain to be locally
C* in the parameter identification result (see theorem 1.5).

The second main objective of this paper is to apply the previous stability estimates to some
parameter identification problem. We consider the Stokes equations with mixed Neumann and
Robin boundary conditions:

—Au+Vp=0, in

divu =0, in Q,

d

2 m=g on I, (L5)
an

du

— —pn+qu=0, onyy.

an

Our aim is to derive stability estimates for the inverse problem of determining the Robin
coefficient from the measurements of # and p available on a part of I'y. We assume that

ToUTlow =92 and TNy = 0.

These assumptions enable us to obtain global regularity on the solution of system (1.5), despite
the mixed boundary conditions. As detailed in remark 3.7, under certain conditions, we can
relax this assumption.

Let us emphasize that such kinds of systems naturally appear in the modeling of biological
problems such as, for example, blood flow in the cardiovascular system (see [26] and [30]) or
airflow in the respiratory tract (see [4]). For an introduction to the modeling of the airflow in
the lungs and to the different boundary conditions that may be prescribed, we refer to [15].
The fact that no boundary condition is necessary in our previous stability estimates allows
us to consider models that are close to applications. The part of the boundary I'y represents
a physical boundary on which measurements are available, and 'y, represents an artificial
boundary on which Robin boundary conditions (or mixed boundary conditions involving the
fluid stress tensor and its flux at the outlet) are prescribed, because no in vivo measurements
of the velocity u and the pressure p are available. In this case, the Robin coefficient represents
in a reduced way the downstream part of the arterial or bronchial tree.

For this problem, we will prove the following logarithmic estimate.

Theorem 1.5. Let k € N* be such that k+2 > ‘%, ands € R be suchthat s > % ands > %—l—k.
Let ' C Ty be a nonempty open subset of the boundary of Q2. We assume that ' and T oy are
of class C*. Leta > 0, My > 0, M, > 0. We assume that (g, q;) € H%‘”‘(Fo)d X H*(Cour),
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for j = 1,2, are such that g is non-identically zero, ||g|| " <My, qj 2 o on Ty and

ro?

g1l 3 (ro) < Ma. We denote by (u;, p;) the solution ofsystem (1.5) with q = g, for j=1,2.

Let K be a compact subset of {x € Ty | w1 # 0} and m > 0 be such that |u,| > m on K.
Then, for all B € (0, 1), there exist C(a, M1, M) > 0 and C(a, My, M>) > O, such that

C(a, M, M>) (1.6)

lg1 — @22y < —

Blw
=

( C] (OI-M] qMZ)
. 0
lur—wz |l ;2 rya +Pv=p2ll 2 1) FI Bul - duz 2

Let us note that we obtain an estimate of the Robin parameters on a subset of I',; where
the velocity u; stays far from 0. This later assumption can be discarded in very specific cases
(see remark 4.9 in [7]) and is generally verified numerically in the considered applications.

Stability estimates for the Robin coefficient have been widely studied for the Laplace
equation (see [2, 5, 10—-12, 29]). Concerning the Stokes equations, we have obtained in [7]
a logarithmic stability estimate valid in dimension 2 for the steady problem as well as the
unsteady one, under the assumption that the velocity of a given reference solution stays far
from O on a part of the boundary where Robin conditions are prescribed. An improvement
of this paper is that the stability estimate is valid in any space dimension. Moreover, if we
compare the result stated in theorem 1.5 in the particular case d = 2 with the previous result
in [7], we can note that we need less regularity on the solution (u, p) in theorem 1.5. To be
more precise, in [7], the solution (u, p) has to belong to H*(Q)? x H?(Q), whereas here, it
is sufficient to assume that (u, p) belongs to H3(Q2)? x H?(R2). Another improvement lies in
the fact that the power of the logarithm involved in the stability estimate (1.6) of theorem 1.5
is better than the one obtained in [7]: the power is equal to 38 /4 here, whereas it was equal to
B/2in [7] for all 8 € (0, 1).

Let us describe the content of the paper. In section 2, we are concerned with the
stability estimates associated with the unique continuation property, and we first state two
theorems, namely theorems 2.1 and 2.3, which are equivalent to theorems 1.3 and 1.4,
respectively. Then, we state three propositions, namely propositions 2.4, 2.5 and 2.6, which
are intermediate results illustrating how information spreads from a part of the boundary to
another. These three propositions will allow us to prove theorems 2.1 and 2.3. Proposition 2.4
is based on a local Carleman estimate for the Laplace equation inside the domain, whereas
propositions 2.5 and 2.6 are based on a local Carleman estimate near the boundary. The proofs
of these propositions are given in subsections 2.1 and 2.2. We conclude the proofs of theorems
2.1 and 2.3 in subsection 2.3. Finally, in section 3, we are concerned with the inverse problem
presented above and we give a proof to theorem 1.5.

If not specified otherwise, ¢ is a generic constant, whose value may change and which
only depends on the geometry of the open set 2. Moreover, we denote indifferently by | | a
norm on R” for any n > 1. For x = (xq, ..., xg) € RY, we denote by x' € R~! the d — 1 first
coordinates of x. We will also use the following notation: Ri ={x=,x) eR|x; >0}

2. Stability estimates
Let us first state two theorems, theorem 2.1 and theorem 2.3, which are equivalent to
theorem 1.3 and theorem 1.4, respectively.

Theorem 2.1. Let w be a nonempty open set and K be a compact set, both included in <.
Then, there exist ¢ > 0 and s > 0 such that for all (u, p) € H' () x L2(Q) solutions of (1.1)
and for all € > 0, we have

el e gy + P2y < —(||“||Hl(w>d +IPl2w) + € Uull gy + 1Ipl2@)- 2.1
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This theorem and theorem 1.3 are equivalent. The fact that theorem 2.1 implies
theorem 1.3 is a direct consequence of lemma 2.2 below with

A =c(ullg @y +IPlrw), B=lulm e+ 1P, G =1 GCG=s,
y =-Ine and D = |ullg ke + IPlrx)-
Moreover, the fact that theorem 1.3 implies theorem 2.1 is a consequence of the Young
inequality by writing
el @y + 12120 Al @ + 1Pl ™"

c B s 1-p
= (Z(”u”H‘(w)d + ||p||L2(w))> (€7 (lull gy + lpllzy)) "

Lemma 2.2. LetA > 0,B > 0,C, > 0, C; > 0and D > 0. We assume that there exist c¢g > 0
and yy > 0 such that D < coB, and for all y > y,

D <AeY” +Be 7, (2.2)

Then, there exists C > 0 such that

[ a

D < CAG+G Bai+6,

Lemma 2.2 will be used repeatedly throughout this paper. We refer to [28] for a proof of
this result. Next, we introduce a result which is equivalent to theorem 1.4.
Theorem 2.3. Assume that Q2 is of class C*. Let 0 < v < %, I" be a nonempty open subset of
the boundary of Q2 and w be a nonempty open set included in 2. Then, for all § € (O, % + U),
there exists ¢ > 0 such that for all ¢ > 0, we have

< ou ap
lullzr @y + IPlE @) < e { lullzay + Iplzay + | 2= -
on L2(I)d on L2(I)

) (2.3)

+€P (Jlul| + lipll

3 3
H2M (@) H2M(Q)

and

ezt cepa + 1Pl @) < e Ul @y + 1Plat ) + € Alul 3, + 1Pl 3 ) 2D

() )

for all couple (u, p) € H>H (Q) x H>P (Q) solutions of (1.1).

This theorem and theorem 1.4 are equivalent. This relies on classical arguments which
can be found in [15] and [25].

We now state three propositions, propositions 2.4, 2.5 and 2.6, which will allow us to
prove theorems 2.1 and 2.3. The first proposition allows us to transmit information from an
open set to any relatively compact open set in €2.

Proposition 2.4. Let w be a nonempty open set included in Q and let & be a relatively
compact open set in 2. Then, there exist c¢,s > 0 such that for all ¢ > 0, for all
(u, p) € H'()¢ x H'(Q) solutions of (1.1),

c .
Il @y +lIPlae) < Z Ul @ + 1Pl @) + € (lullgr @y + 2l @)- (2.5)

The second proposition allows us to transmit information from a relatively compact open
set in €2 to a neighborhood of the boundary.
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Proposition 2.5. Assume that Q2 is of class C*. Let 0 < v < %, Xo € 9K2 and let w be an open
set in Q. There exists a neighborhood @ of xo such that for all B € (O, % + v), there exists
¢ > 0, such that for all € > 0, for all (u, p) € H3(Q) x H>3™(Q) solutions of (1.1),
lull i @nsye + 1PN onay < e Ul @y + 1Pl @) + 6ﬁ(IILtIIHg+v +lpl )-
(2.6)

@) H3* (@)

Finally, the third proposition allows us to transmit information from a part of the boundary
of Q2 to a relatively compact open set in £2.

Proposition 2.6. Assume that Q2 is of class C*°. Let 0 < v < %, I" be a nonempty open subset

of the boundary of Q and ® be a relatively compact open set in 2. Then, there exist ¢, s > 0
3 3

such that for all € > 0, for all (u, p) € H2"(Q)? x H21V(Q) solutions of (1.1),

ap
L2(I)

on
Remark 2.7. The logarithmic nature of inequalities (2.3) and (2.4) comes from
proposition 2.5 where an exponential appears in front of the first term of the right-hand side,
whereas the estimates in propositions 2.4 and 2.6 lead to Holder estimates, as a consequence
of lemma 2.2.

c ou
Nl @y + IPla @y < = | lullgraye + Iplaraey + || =
€ 3n L2(I)d

+e (lullgr @y + Pl @)-

Theorem 2.3 will be a consequence of propositions 2.4, 2.5 and 2.6, whereas
theorem 2.1 will directly come from proposition 2.4 and the use of the Caccioppoli inequality.
The next subsection is dedicated to the proof of proposition 2.4. In the second subsection, we
prove propositions 2.5 and 2.6. Finally, in the last subsection, we conclude with the proofs of
theorems 2.3 and 2.1.

2.1. Estimates on relatively compact open sets: proof of proposition 2.4

Notation 2.8. Let P be a second-order differential operator defined in an open set M and
x € C°(M), such that x = 1 in a subdomain I1 of M. Then, P(xy) = xPy + [P, x1y with
[P, x] being a first-order operator with support in M\II.

Notation 2.9. Ler g € R, 8 > 0and0 < o < o'. We denote byAg (a, ') the annulus delimited
by the area between two concentric circles of center q and radii a8 and o8, respectively:

Af](a, o) ={x e RYas < |x — g < o'8}.

Lemma 2.10. Let g € R? § > 0 and (ot))i=1,..5 € R be such that0 < o) < oy < 03 < 0la <
os. Then, there exist ¢ > 0, hy > 0, ¢c; > 0. and ¢, > 0, such that for all 0 < h < hy, and for
all function (u, p) € H' (B(q, a58))¢ x H' (B(q, as8)) solutions of
—Au+Vp=0, inB(q,asd),
{divu =0, in B(q, as6),
the following inequality is satisfied:

2.7)

h
||M||H1(Ag(a2,a3))d + ||P||H1(Ag(a2,a3)) < (e el g1 Big.ansne + 1PN e B(G.006)))

+eicZ/h(”u”Hl(B(q,oc55))" + 1Pl Bgass))) (2.8)
with ¢ = g(a18) — g(a38) > 0 and ¢y = g(a38) — g(asd) > 0, where g(x) = e and A is
large enough.
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Proof of lemma 2.10. Let oy and o be such that 0 < oy < o) and a5 < . We denote by
Up = A} (o, %), Ko = A} (a1, as).

Let x € C°(B(q,a66)) suchthat 0 < x <1, x =1lonll = Ag(ag,om) and x = 0 in the
exterior of Ky. We are going to apply the local Carleman estimate inside the domain for the
Laplace equation (see [21]) on Uy and with ¢ (x) = e~**~4" successively to xu and x p, where
(u, p) is the solution of (2.7): there exist ¢ > 0 and &; > 0 such that for all 4 € (0, /) and for
all function (u, p) € H' (B(q, @58))? x H'(B(q, o58)) solutions of (2.7), we have

/ |M()C)|262¢(X)//’ldx+ hZ/ |Vu(x)|262¢(x)/hdx
l_I I

<o | IxVp)? e dx + o’ / (A, xTu@x) > dx,  (2.9)
Ko Ko\IT

and since Ap = div(Au) = 0,

I Ko

<o [ acap@P et harrdl [ pwP et han @10
Ko\Il Ko\IT

We add up inequalities (2.9) and (2.10): there exists #; > 0, such that for all 7 € (0, ),

g8(@d)/h / (u)* + |po)1* + B (|Vu@)* + |Vpx)[*) dx
Ad (0,03)

< ch? D) / LA, X JuP + 1A xIp@P + pe)P de

Ab (a1,02)

el S / A XEOP + 1A, KPP + ) d
Aj (ag,05)

By dividing the previous inequality by 42, we obtain the desired result. ]

Let us introduce the notion of a §-sequence of balls between two points.

Definition 2.11. Let § > 0 and (xo, x) be two points in Q. We say that (B(q;, 8)) j—o,..n IS a
8-sequence of balls between xo and x if

qo = Xo,

x € B(gwn, 9),

B(qjy1,6) C B(qj,28) for j=0,...,N—1,
B(q;,38) C Q.

Lemma 2.12. Let xo and x in Q2. There exists 5o > 0 such that for all 0 < § < &, there exists
a §-sequence of balls between xy and x.

Proof of lemma 2.12. We refer to [27] for a proof of this lemma. Let us just mention that
in [27], it is asserted that x € B(gy, 28), but on looking carefully at the proof, we see that
x € B(gn, §). O

We are now able to prove proposition 2.4.

Proof of proposition 2.4. Let xy € w and ry > 0 be such that B(xy, ryp) C w. For all x € o,

.....

x. Remark that we can assume that §, < ry for all x € &. The compact & is included in

7
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Uxe@ B(q}‘vx, ) thus, we can extract a finite subcover: there exist k € N* and (x;) =1, € o
such that
Jj
&C U (ah.8) c | Blgh,9). 2.11)
----- j=1,...k

where wehavedenotede =N,,,8; = ij,q{ = qf’ forj=1,...,«,i=0,...,N;and where
8 = max;_y, . 6;. Remark that we can assume that N; = N forall j =1, ..., k (if necessary,
we consider the same ball several times). Then, by construction, to prove (2.5), it is sufficient
to show that there exist ¢, s > O such thatforall j =1,...,«, foralli=0,...,N — 1, for

all € > 0 and for all (u, p) € H (Q)d x H' () solutions of (1.1),

”u”Hl(B(q ) + ||P||H1(B(q 5)) (”u”Hl(B(q 8))d + ||P||H1(B(q 5)))

+e (lull g @y + ||P||H1(sz))' (2.12)
To prove (2.12), it is sufficient, thanks to the definition of the §-sequence of balls, to prove
that there exist ¢, s > Osuchthatforallj =1,...,k, foralli=0,..., N—1, foralle > 0
and for all (u, p) € H' ()¢ x H! (Q) solutions of (1.1),
”u”H'(B(q' 28))" + ||P||H (B(q/ 25)) (”u”H'(B(q' 5))d + ”p”Hl(B(ql 5)))
+€ (||M||H1(Q)d + ||P||1-1 (Q)) . (2.13)

Let us emphasize that, thanks to lemma 2.12, we can choose § > 0 in (2.11) to be small
enough, such that B(q{, 58) c Qforallj=1,...,ckandi=0,...,N — 1 (it is sufficient to
take 6 < 38¢/5). _

Let je{l,...,x}andi € {0, ..., N}. We are going to apply lemma 2.10 with g = q{,

o = i, oy = %, oy = 2, a4 = %, o5 = % We find that there exist ¢ > 0, iy > O,
€1 = §(3/4) — 23) > Oand c2 = g(23) — g(93/4) > 0, such thatfor all & (0, ) and for
all function (u, p) € H'(B(q], 55/2)) H'(B(g],58/2)) solutions of (2.7), we have

”u”Hl(A‘sj(%,Z))" + ||P||H1(A6f(5,2)) X C(e (”u”Hl(B(q{,B/Z))d + ||P||H1(B(q{,5/2)))
9i 9i

+ el 1 g 557200 + 1P gl 58720)))- (2.14)
Since B(q], 58/2) C 2, we obtain
el 1 gy 2570+ 1P it 290)
<@l 1 g 5y + 1PN gl s)) + € Ul @y + 1P @)))-
(2.15)
Let us consider € = e /" We obtain that there exist ¢ > 0, s = Z—f > 0, such that for all

0<e<e =e /M forall (u, p) € H'(Q)? x H'(Q) solutions of (1.1), we have
Nl 11 g7 270+ 1PN b1 ig) 259
<c (é(”u”H‘(B(qfﬁ))" + ||P||H1(B(qi/,5))) + € (lullgr @y + ||p||H1(Q))> .
Since H'(Q) — H I(B(q'i" ,268)), this inequality is still valid for € > €. Thus, we obtain
inequality (2.5). ]

Remark 2.13. Let 8 > 0. If we apply inequality (2.5) with € = €’%/* and use the fact that
(1/€)Ps < /€', we note that inequality (2.5) of proposition 2.4 readily implies the same
kind of inequality as (2.6) with an exponential weight:

{Vﬂ >0,3c>0,Ye >0, V(up) ecH (Q)xH (Q)solutions of (1.1),

lll 1 @yt + 1Pler @y < €5 Ul @yt + 1P1a ) + € Ul @ye + 1P1an @)-
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2.2. Estimates near the boundary: proof of Propositions 2.5 and 2.6

Notation 2.14. Let Ry > 0, K = {x € RL | [x| < Ry}, = {x € 3K | x;, = 0} and S = 9K\ Z.
£ EI
We denote by H(i ;r (K) the restriction to the set K of functions in HO2+ (B(0, Ry)).

Lemma 2.15. Let 0 < v < 1,0 < rg < Ry, K = {x € RY| x| < R}, (f.9) €
[*(K)? x [2(K), B € GL;(C*®(K)) and P be a second-order differential operator whose
coefficients are C*° in a neighborhood of K, defined by P(x, 9,) = —83d + R(x, %8)(/). Let us
denote by r(x, &') the principal symbol of R. We assume that r(x, §’) € R and that there exists
a constant ¢ > 0 such that for all (x, &) € K x R¥™!, we have r(x, &') > c|g'|%.

We denote by K(r,¥') = {x € K|r < x4 < ¥} for0 < r < v < Ry. Then, for all
B e (0, % + v), there exists ¢ > 0 such that for all € > 0, the following inequality holds:

vl g k0,700 + N gllE k0,700
< e (vlla key.rene + Nlla ko ke + 1 2y + Igll2x))

+eP (vl + llgll )

3., 3
H7+L(K)d H2+U(K)

3 3
forall (v,q) € H(i;rv (K)¢ x H(i;v (K) solutions of

_Pv+BVg=f. inK,
{ vHBVg=/. i (2.16)

Pg=g, in K.

Proof of lemma 2.15. Let 0 < € < ¢y < ry < Ry. We denote by U = K (0, ry) and
U. = K(e,ry). Let x € C*°(K) be a function equal to zero in K¢, such that x = 1 in U,
0 < x < 1lin K\U. We are going to apply successively a local Carleman inequality near
the boundary due to Lebeau—Robbiano (see [23]) on K and with ¢(x) = €™ to xv and xg:

3 3
>y

dec > O, hl > 0, VO< h< h], Y (U, q) c HO,S (K)d x H&;U(K) solutions of (216),
f |v(x)|262¢(x)/hdx+h2/ |Vv(x)|2ez¢(x)/hdx
v U

< ch’ / xPo)|? e dx + ch® / P xJw o) e /" dx
K K\U

+c / (x v, 0)[* + [hdy (xv) (¥, 0) 2 + |hdy, (xv) (v, 0)]*) 20 0/7 4y,
Rd-1
(2.17)

and

f lg(x)|? e/ dx + n? / X V()2 220/ dx
v K
< ch3/ |XPq(X)|262¢(X)/h dx + ch3/ I[P, X]q(x)|2ez¢(x)/h dx
K K\U
+ch® / lg(0)|* e/ dx
K\U

+c / (Ixq(, 0) % + [hdy (x @) (X, 0)* + [hdy, (xq) (¥, 0)|?) 2P O/h gy,
Rd-1
(2.18)

By summing up inequalities (2.17) and (2.18), dividing by h?, replacing ¢ (x) by e* and
thanks to the trace inequality, we obtain, for 4 being small enough,
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e (”v”H‘(K(e ro))d + gl ke ce,r)))
<ce = ek (ro.ro)y? T+ Nl it (ko 000 T I 2y + gll2 (k)
+ er (vl s + llgll 3 )

Remark that for all € >0, —e* 4+ 1 < —e as long as A is large enough. Thus,

H2+‘(I()"’ H2+‘

vl ke + Nglla ko))
< cer (vllar kro.ro)t + gl it kro.r0)) + I L2y + gllz k)

—e i (flull + 1l 30 )

H%+V(K)‘] H2+v

Moreover, for all € > 0, % < %ei, which implies
vl ke, T Nglle ke o))
< cer (vlla kro,ront + NGl at kro.R0)) T I 2y + 8ll2 k)

C _ e
toe (vl + gl a0 -

H%+V(K)d H2+u (K)

According to lemma 2.2, we obtain

vl ke, + NgllE ke o))
< cllvlla keo.ree + Nl kro.Re)y + I l2iye + 8l 2 k))&

1 =&
X\ 0l 3o, + 14l 30) )
Lets > 0 and u > 1. The previous estimate can be rewritten as

Il ke + Nglla k)
— (541 e
<c(e bt )(”U”H'(K(rg,Ro))d + gl i kro.rey) + 1 2 ye + glle2x))) 7+

X (€ 0l 3o g0 + 141,300 '
< ce B Ul ko Ry + Nl (k (roke)y + I T2y + 18lr2k))
SR (CIPSE LTI
Bute 7" = exp (£(s+ 1) In (E)) < exp ((Ii(ir)lg,) for € being small enough. Finally, for all

s > 0, for all & > 1, there exists ¢ > 0, such that forall 0 < € < ¢,
vl ke, T Nglle ke o)
< ce® (0]l ko.rone + 19l kan R + 1 20000 + N8ll2ck)
€ Il 30 s+ 191300 ) 2.19)

for all (v, g) solutions of (2.16). It remains to estimate ||v|| g1k (0,¢)) + 19/l 51k (0,¢)) uniformly
in €. This is a consequence of the Hardy inequality (see [13]) that we recall below.

H2+\/ K)

Lemma 2.16 (Hardy inequality). Let 0 < 7 < % There exists ¢ > 0 such that for all
heH® (Rﬁ), we have

h

‘xd

T

< cllhllge ey
2(RY)

We extend v and g by zero in Ri\K . Note that these extensions, denoted respectively
by v and g, belong to H %’L”(Ri) (see [17]). Let x be a function which belongs to
Cx((x,xg) € Ri/xd < 19}), such that ¥ = 1 on K(0,¢) and 0 < x < 1 elsewhere.

10
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The functions x v and x g belong to H 2t (Ri); therefore, as a result of the Hardy inequality,
we have that forall 0 < 7 < %, there exists ¢ > 0 such that

v
—= <
Xa 12k (0,6))

XU
T
Xa

< XVl e met ya-
LZ(Ri)"

Since yv = 0in (Ri\K) U K (rg, Rp), we obtain

v
< cllvllae k@, < cllvll

Xy )
Xa 2k 0,6)) H?2(K(0,r0))

Consequently, for all T € (0, %) there exists ¢ > 0 such that for all & > 0,

1 1
T 2 2
< ce ”v”H](K)d||v||L2(K(O,r0))d

T
V122 k0.6))0 < c€ ”v”H%a«o,m))d

2t
€
<c <7||U||H1(K)d + OlllvllLZ(Kw,ro))d) ,

where we used an interpolation inequality and the Young inequality. In the same way, we have
for Vv

T
IVVll2k(0,6))1xa < c€ ||VU||H%(K(OJO))M

1
142
<c (GI( v)@”v”b{%”(md + 01||U||H1(K(0,r0))d> .

To summarize, for all 8 € (0, % + v), there exists ¢ > O such that forall0 < o < 1,
b
vl ko < € { 00 30 0 F @iVl @@ ) -

The same inequality also holds for g. Thus, for all g € (0, % + v), there exists ¢ > 0, such
that forall0 <« < 1,

Il gt k.60 + gl k©,6))
B
€
<c (;(HU” ) +a(lvllg ko)) + ||61||H1(K(0,r0)))> .

(2.20)

H%H(K)d + ”q”H%w(K)

We can choose « to be small enough such that by combining (2.19) and (2.20) we have that
for all B € (0, % + v), for all o > 1, there exists ¢ > 0, such that for all 0 < € < ¢,

||U||H1(K(0,r0)>d + ”q“H‘(K((),ro))
< ce (Ivllarkeo.roe + Nallat o,k + I 2y + Ngllz k)

el Ul o + 191,300 4)-

(K)? (K)

By a change of variables, we obtain that, for all 8 € (O, % + v), there exists ¢ > 0, such that
forall 0 < € < €,
Vol k0,000 + Gl k(0,70))

< e (Il kp.royyd + NGl kro.re)) + I 2y + N2 k))

B
UV 300 gy + 191300 ) (2.21)

At last, we note that, since H 3y (K) < H'(K(0, rp)), this last inequality remains true for
€= g(). O

11
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Let us now prove proposition 2.5.

Proof of proposition 2.5. We are first going to prove that there exist an open neighborhood
@ of xo and two relatively compact open sets @; C  and @, C £, such that for
all B € (0,3 +4v), there exists ¢ > 0, such that for all ¢ > 0 and for all (u,p) €
H>(Q) x H>* (Q) solutions of (1.1),

el @nay + IPIla @ne) < €° (”u”Hl(a)l)d + 1Pla @ + Nulla @y + 1Pl @Ey))
+eP(Jlull 3 +lpll 3 ). (2.22)

Then, to pass from (2.22) to (2.6) to obtain the estimate for any w, it is sufficient to apply
inequality (2.5) of proposition 2.4.
Let V be a neighborhood of xy such that Q NV = {(X,xy) € V | x4 > o(x)} with

o € C*. By using the normal geodesic coordinates, it is possible to straighten locally in a
neighborhood V' of xy the Laplace operator and the boundary simultaneously. Restricting, if
necessary, the open set V, we can assume that there exists a neighborhood V C V of xo, a
surface S such that SNV = 9Q NV, and S is deformed inwardly in the open set  in V\V (this
means that there exists s € C* such that § = {(x', x4) € V | x4 = s(x')} with s = ¢ in Y and
s> o inV\V)anda diffeomorphism, denoted v, which straightens both S and the Laplace
operator. Let us denote by Q = {(x,xq) €V | xs > s(x)}. Note that, by construction, there
exists 0 < r3 < Ry, suchthaty~'({x € K | r3 < |x|}) is a relatively compact open set of £ and

= {x e R||x| < Ro} C ¥(Q).Let & € C®(K) be such that & = 1 in {x € RL | |x| < r3)
and 0 < & < 1 elsewhere. Let us denote by o = & o . Note that since (v, g) = (ou, op) is
the solution in €2 NV of

{—Av +Vg=1f,

H5+\/(Q)" H2+I/ )

Aq =g,
with f = —ulAp — 2VuVp + Vop and g = App + 2Vp - Vp, then (w,7) =
((ou) oY~ (op) o ¥~ 1) is the solution in K of

{—Pw + (V) V= foy,

Pr=goy. (2.23)

We apply lemma 2.15 to (w, r). We obtain that for all 8 € (0, % + v), there exists ¢ > 0, such
that for all € > O,

”w||H1(K(0,i’0)ﬂB(0,r3))d + ||7[||H1(K(0,r0)ﬂB(O,r3))

< —1 -1
< e (lwllag kg ko) + 1T g koo T 1 0¥ N2y + g0 ¥ i)

B
+ P U1 s+ 10300 )

In other words, there exist an open neighborhood & of xy and a relatively compact open set
@ C 2, such that for all 8 € (O, % + v), there exists ¢ > 0, such that for all ¢ > 0 and for all
(u, p) € H>1 ()4 x H2+"(Q) solutions of (1.1),

(K)

lullg ey + 1Pl Gne) < e (”u”H‘(a)l)d +plai@y + 1 2@y + 18l )
+el(ull,3a g0 F 12130 )

To conclude, let us remark that since £ = 1 in {x € Ri | [x] < r3}, supp(VE) C {xeK |r <
|x|} and then supp(Vo) C ¥ ' ({x € K | r3 < |x|}), which is a relatively compact open set of
Q2. Then, recalling the definition of f and g, we obtain that there exists a relatively compact

H2+\ (Q)d H7+v )

12
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open set w, C €2 such that for all 8 € (0, % + v), there exists ¢ > 0, such that for all € > 0
and for all (u, p) € H>*"(Q)4 x H> () solutions of (1.1),

el nay + IPIla @ne) < € ullp@ye + 1PN @) + g @ + 1P @)

B
+ Pl g g+ 1P 300 )

Let us end this subsection with the proof of proposition 2.6.

Proof of proposition 2.6. Let xp € I'. We are going to prove that there exists a
neighborhood @ of xy such that there exist ¢,s > 0 such that for all ¢ > 0, for all
(u, p) € H>T(Q)4 x H>™ () solutions of (1.1),

c du ap
Nl g ey + 1PNa wney < = | lullgr ey + 1Py + || == -

€ an L2(D)d an L2(I)

+e (lullgr @y + 1Pla @) (2.24)

which implies proposition 2.6 thanks to inequality (2.5) of proposition 2.4.

Near the boundary, in a neighborhood of xy, we go back to the half-plane, thanks to
geodesic normal coordinates: let ¥, Ry > 0 and V be such that (2 N V) = {x € Ri ‘ x| <
Ro} = K and Y(OQNY) = {(¢,x5) € R? | x; = 0and |x| < Ry}. We can always assume that
YV is small enough to have 32NV C T.In the following, we denote by ¥ = ¢ (3Q2NV) C R~!
and by (v,q) = (uo ¥~ !, po~"). Note that (v, g) is the solution in K of

—Pv+ (Vy)TVg =0,
Pg=0.

(2.25)

We are going to prove that there exists a neighborhood 6 of 0 such that for all € > 0, for
3 3
all (v, q) € H2™(K)¢ x H27"(K) solutions of (2.25),
¢
Il kneye + gl g kne) < E(”v”H‘(E)" + gl sy + 105, vl 2(2ye + 105,91l 12(x))
+e'(vllp @y + Mgl k)

Let U = {x € K | x4 + |x|*> < ro} with ry being small enough and x € Ccx (K) be such that
x =1onU,0 < x < 1in K\U. By the successive application of a local Carleman inequality
due to Lebeau—Robbiano (see [27]) on K and with ¢ = e @4+ o y v and to x ¢, we obtain
(in the same way as in the proof of lemma 2.15) that there exist ¢ > 0, h; > 0, such that for
all0 < h < hy, forall (v, q) € H>T(K)? x H>*"(K) satisfying (2.25),

[ e + tgepy e axs 12 [ (00 + 19g0 1) e ax
U U

gch3/ |Vq(x)|ze2¢(x)/hdx+ch2/ lg(x)[* /" dx
K\U K\U

+ch’ (1P, xTo) 1> + I[P, x1q(x)]?) e @/t gy
K\U

+C/[ (1o (xv) (¥, 0)[* + [hdy (xq) (X, 0)[* + |hd,, (xv) (¥, 0)]?
.
+ |hdy, (xq) (¥, 0)[2) e20&0/h gy
+C/ (Ixv (', 0)* + g, 0)]*) -0/ 4.
Rd—1



Inverse Problems 29 (2013) 115001 M Boulakia et al

We denote by R(r, ') = {x € K | r < x4 + |x|*> < r’}. The previous inequality becomes, with
0<z1 <ry<z <Ry,

e—)~z| ﬁ
e " (vl o,z + 19l RO )) < ce 7 (Vg Rk + 19l (Rz.Ro)))
1
+ceet(vllg sy + 10y vy + Iglla sy + 10x4qll2s))-

Accordingly, there exist ¢, h; > 0, such that for all 0 < h < hy, for all (v,q) €
H>(Q) x H>(Q) solutions of (2.25),

_1
vl 0,200 T N gllarro,20)) < ce™F vl ye + ||51||H1(1<))
+eer(vllg sy + 102y + gl sy + 10x,qll2s)-

We can conclude the proof in the same way as we concluded the proof of inequality (2.5): we
obtain inequality (2.24) with w N Q = ¥~ (R(0, z1)). O

2.3. Global estimates

In this subsection, we conclude the proofs of theorems 2.1 and 2.3. Let us first prove
theorem 2.3.

Proof of theorem 2.3. Let @ be a relatively compact open set in Q. For each x € 3%,
we deduce from proposition 2.5 that there exists a neighborhood w, of x, such that for
all B € (0, % + v), there exists ¢ > 0, such that for all ¢ > 0 and for all (i, p) €
H%+“(Q)d X H%+“(Q) solutions of (1.1), inequality (2.6) is satisfied. We point out that
0Q C (Uyegq wr and that 92 is compact. Thus, we can extract a finite subcover: there
exist N e Nandx; € 9Q,i=1,..., N, such that 0Q C Uﬁ\':,a)x,..Foriz 1,...,N,letus
denote by w; = w,,. As a result, we obtain that for all 8 € (0,  + v), there exists ¢ > 0, such
that for all i € {1,...,N}, for all € > 0, for all (u, p) € H2t"(Q)¢ x H>%V () solutions
of (1.1),

el gt @ineye + 1PIE @wing) < e el @ye + pllar @) + P (lull s + pll 3 )

H2+‘ (@) H2+‘

We denote by T = Uf]:] (w; N2) . Letr > 0. Letus consider a finite cover of Q\T: there exist
NeNandy € Q,i=1,...,N, such that Q\T c | JY B(y;,r). Foralli=1,..., N, up to
a decreasing r, B(y;, r) is a relatively compact open set in 2 where we can apply inequality
(2.5) of proposition 2.4: there exist ¢, s > 0, such that forall i € {1, ... ,N}, for all € > 0, for
all (u, p) € H'(Q)? x H' () solutions of (1.1),

Nl e By + IPNE B < —(||M||H1(w)d +Ipla @) + € Uullg @ + IPla @)-

Thus, by summing up the two previous inequalities, taking into account remark 2.13, we
obtain that for all 8 € (0, % + v), there exists ¢ > 0, such that for all ¢ > 0, for all

(u, p) € H>T(Q)4 x H>*(Q) solutions of (1.1),

lullm @y + 1Pl @) < e Ul @y + 1Plm@) + € (ul +lpel s ,)- (2.20)

H%ﬂ(g)d H2+v @
It remains to pass from a relatively compact open set @ to an open set w (not necessarily
relatively compact): we use inequality (2.5) of proposition 2.4 in order to estimate
llell 1 ye + 1| Pll 1 () ininequality (2.26) by [|ul g1 (oye + 11 Pll 1 (1) - It directly gives us inequality

(2.4) of theorem 2.3.

14
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Now, if we apply proposition 2.6, we obtain, € being suitably chosen,

ap

LZ(F))

on on

el g @y + Pl o) < e | Nullgary + Ipllaay + H—
LZ(r‘)d

e (lull,y 3 g0 121,300 o) (2.27)

(@) (€2)

Leto = ﬁ € (0, 1). Using an interpolation inequality, we obtain that there exists ¢ > 0 such
that
”””Hl(l“)f’ + ||P||H1(F) (”u”LZ(r‘)d”u”HH—v(r‘)d + ||P||L2(1—~)||p||1-11+u(1-))

If we write that

20 6
Bl 0y s = €% Nl €

and
_ 2 0
”p”Lz(F)”p”le(r) ||p||L2(F) € ”p”HHv(l")y

according to the Young inequality and to the continuity of the trace operator from H 34 ()
onto H'*V(I"), we obtain

2
Nl oy + Pl oy < (e “ (s TPl 500 o) e Uullzaye + 1PNz r))-

2+V(Q)d
Using the fact that e= < Ce® for all € > 0 allows us to replace lull i rye + Pl ry on the
right-hand side of inequality (2.27) by |lull;2rye + l|pllz2ry- This proves inequality (2.3) of
theorem 2.3. U

Proof of theorem 2.1. We introduce two open sets Qand @ C Q such that @ CC  and
K CcC @ CC €, Let us apply proposition 2.4 to estimate # and pon K :

Je,s>0,Ve >0,V (u, p) € H(Q)? x H' () solutions of (1.1),
c (2.28)
Nl e gy + 1PN 2 k) < g(”u”H‘(&))d + 1Pl @) + € Ul g gy + 1Pl @)

Then, theorem 2.1 directly follows thanks to the Caccioppoli inequality that we recall in
lemma 2.17 below (see [20]). ]

Lemma 2.17 (Caccioppoli inequality). Let v be a weak solution of Av = 0 in Q C R?. Then,
there exists C > 0 such that for all xo € Qand 0 < p < R < d(xg, 92), we have

c 2
|VU| o — [v]~.
B(x0.p) (R £)? Jto.R)

Remark 2.18. The proof of proposition 2.4 together with the Caccioppoli inequality contains
all the tools needed to prove an interesting result, which is, in the case of the Stokes system, a
three-balls inequality involving the velocity in the H'-norm and the pressure in the L?>-norm.
We refer to [16] for a statement and a proof of this result.
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2.4. Comments

Let us now conclude this section by some comments. By borrowing the approach developed by
Phung in [25], we have thus proved the stability estimates stated in theorems 2.1 and 2.3 that
quantify the unique continuation result of Fabre and Lebeau in [18]. The Carleman estimate
that we use near the boundary is a consequence of pseudo-differential calculus. To apply
this technique, the domain has to be very regular. In [8], Bourgeois proved that the stability
estimates proved by Phung in [25] for C* domains still hold for domains of class C'*!. To
derive estimates near the boundary, he used the global Carleman estimate near the boundary on
the initial geometry, by following the method of [19]. Moreover, in [9], Bourgeois and Dardé
completed the results obtained in [8]: they proved a conditional stability estimate related to
the ill-posed Cauchy problem for the Laplace equation in domain with the Lipschitz boundary.
For such non-smooth domains, difficulties occur when one wants to estimate the function in a
neighborhood of 9€2: the authors use an interior Carleman estimate and a technique based on
a sequence of balls which approach the boundary, which is inspired by [1]. Let us emphasize
the fact that the inequality obtained in this way is valid for a regular solution u (u belongs to
C'% () and is such that Au € L?(2)), and that boundary conditions are known on a part of
the boundary. These two results suggest that it could be possible to extend estimates (2.3) and
(2.4) to less regular open sets. Another improvement could be to study whether the stability
estimate of proposition 2.6 still holds if we have less measurements on the boundary. Let us
note that in a recent work, one of the authors obtains a Lipschitz stability estimate under the
a priori assumption that the Robin coefficient lives in some compact and convex subset of
a finite-dimensional vectorial subspace of the set of continuous functions involving only the
velocity in the L*-norm (see [14]).

These kinds of stability estimates can be used for different purposes. For example, Phung
uses the stability estimate stated in [25] for the Laplace equation to establish an estimate of the
cost of an approximate control function for an elliptic model equation. In [9], Bourgeois and
Dardé use stability estimates to study the convergence rate for the method of quasi-reversibility
introduced in [22] to solve Cauchy problems. In [5], Bellassoued e al use a stability estimate
proved by Phung in [25] to solve an inverse problem similar to the one we are interested in,
but for the Laplace equation. As far as we are concerned, we are going to use our stability
estimates to study the inverse problem of identifying a Robin coefficient from measurements
available on a part of the boundary in the Stokes system: this is the subject of the next section.

3. Application to an inverse problem

Throughout this section, we assume that the boundary of €2 is composed of two sets 'y and
oy such that Ty UTy = dQ and Ty N T = ¥. An example of such geometry in dimension
2 is given in figure 1.

Let us recall the inverse problem we are interested in: we want to obtain a stability result
for the Robin coefficient g defined on 'y with respect to the values of u and pon I C Ty
for the (u, p) solution of system (1.5). Let us point out that the uniqueness issue related to our
inverse problem has already been studied in [7] and is a consequence of corollary 1.2. More
precisely, in [7], we have stated that, under some assumptions on the flux g and on the Robin
coefficient g, if the velocities are equal on some nonempty open set I' C Iy, then the Robin
coefficients are equal on I'qy;.

Notation 3.1. We introduce the following functional spaces:
V={veH (Q)|divv=0onQ}

16
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out

Figure 1. Example of an open set 2 C R?, such that 3Q = I’y U Toy and Tp N Toy = .

and

H=V""

Before proving theorem 1.5, let us recall the following regularity result (which is proved
in [7]).

Proposition 3.2. Let k € N and s € R be such that s > % and s > % + k. Assume that 2 is of
class C*™V Leta >0, M > 0, g € H%Jrk(l“o)d and q € H*(Toy) be such that a < q on Toy.
Then, the solution (u, p) of system (1.5) belongs to H**2(Q)¢ x H*1(Q). Moreover, there
exists a constant C(a, M) > 0 such that for every q € H*(Uow) satisfying |lqllms 0 < M,

||M||Hk+2(sz)d + ||P||Hk+l(sz) < C(OhM)”gHHH%(FO)W

Proof of theorem 1.5. Let us emphasize the fact that, thanks to proposition 3.2, there exists
C(a, My, M) > 0 such that

||Ltj||[.1k+2(Q)d + ||pj||[-]k+l(g2) S C((X,M],MQ) fOI'j = 1, 2. (31)
In the following, we denote by u = u; — u; and p = p; — p>. We have
ou
(@2 — q1ur = qou + 5, ~proon Cout. (3.2)
Consequently, since |u;| > m > O on K,
1 ou
llg1 — q2||L2(K) < —=C(M») ||M||L2(K)d + = + ||P||L2(K) . (3.3)
m 311 LZ(K)d

Since K and I are in C*, we can construct an open set w C 2 of class C* such that K C dw
andI" C dw. Then, forall0 < € < % using the trace continuity and an interpolation inequality,
we have

lg1 — @2l k) < —C M) (|l parve (ye + P12 w))

S|— 3|~

< —CM2) (s 15+ 1PN 200) (3.4)
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where 6 = %( - 2{) According to inequality (3.1), we then deduce

llg1r — g2l 2y < C(Ol MI’MZ)(“u”Hl(w)d + ||P||L7(w))

Let 8 € (0,1) be fixed. We choose 0 < € < 3 to be small enough such that g/ =
belongs to (0, 1) We denote by A = [|ull g2 (4)e + P2 () and B = ”u”LZ(l")d + Pl +
Applying inequality (1.3) of theorem 1.4 with v = 5 and with g/, we

125

| n”L2

an llz2ry: '
find that there exists dy > 0 such that for all d > dy, there exists C(«, M, Mz) > 0:
1 A?
lgr — @2l k) < C(Ot 1 M) ———. (3.5)
(In(a5))
We conclude by studying the variation of the function defined by f, (x) = —=~ on (y, +00)

(ln( ))

In(*)—g8’ / :
"G | etus denote by xo = yef'. The function f, is decreasing

(In(5 N

on (y, xo] and is increasing on [xo, +00). For d being large enough, A > x¢. Thanks to (3.1)

and since f is increasing on [xg, +00), we directly deduce that fz (A) < f& (C(a, M1, M>)).
d d

Using this result in (3.5), we find that there exist C(«, M|, M) > 0 and C,(«a, My, M;) > 0,

such that

fory = E Wehave f;(x) =

1 Cla, My, M>)
g1 — @llpx < — 70’
o )
el 2 yd 120 2y 1 2 2 oyt 12 T 2
and since 8’60 = 38/4 and % = pn on I', this concludes the proof of the theorem. O

Remark 3.3. Since g is not identically zero, corollary 1.2 ensures that {x € 'y | u;(x) # 0}
is not empty. Moreover, according to proposition 3.2, u; is continuous; thus, we obtain the
existence of a compact K and a constant m as in theorem 1.5. We note however that the
constants involved in estimate (1.6) and the set K depend on u;. Finding a uniform lower
bound for any solution u of system (1.5) remains an open question. We refer to [2], [3] and
[11] for the case of the scalar Laplace equation.

Remark 3.4. Outside the set K, an estimate of ¢; — g, may be undetermined or highly unstable.
In particular, an estimate of the Robin coefficients on the whole set "o, might be worse than
that of the logarithmic type (see [6]). Note however that for a simplified problem, it is in fact
possible to obtain a logarithmic stability estimate on the whole set 'y, which does not depend
on a given reference solution (see [7]).

Remark 3.5. In inequality (1.6), the power 38/4 is directly linked to the regularity of the
solution (u, p). If we are more precise in our estimates, we can note that this power may be
improved by a power which depends on k. Indeed, coming back to inequalities (3.4) and using
that (1, p) € H*?(Q)? x Hk“(Q) we obtain that

lar = a2l < C(Mz)(IIMIIH (w)dllullﬂm(w)d + 1Pl @)

where 6 = 1{3:]:" — m This estimate allows us to obtain the power 1/ 2+k/3 instead of 38/4

T+k
in inequality (1.6) (when k = 1, these powers are equal).

Remark 3.6. Note that we can still obtain inequality (1.6) by enforcing less regularity on the
solution (u, p). In partsicular, if we gonsider the case when d < 5, it is sufficient to assume that
(uj, pj) belongs to H21"(2) x H27"(2) and ¢; belongs to L (T'oy), and that

F1pill, 300 o < Miand [Ig)llzer,,) < M2

sl 5.

() ()

18
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for j = 1, 2. In this case, the velocity u, is still continuous, and with the same reasons as in
remark 3.3, there exist a compact K and a constant m > 0 as in theorem 1.5. Next, instead of
inequalities (3.4), we use

1
lg1 — q2||L2(K) < I’I_’lC(MZ)(||u||H3/2+U/3(w)d + ||P||L2(w))

1 2/3 1/3
< —CM) (Nl o Nl 72 0 + 1P 2209

Then, by applying the same reasoning as above, we find that for all 8 € (0, 1), there exist
C(a, My, M;) > 0and C;(«, M, M>) > 0O such that
Cla, My, M>)

Zﬂ'
n( ClaM.My) ))*
Hlll—lele(r)u‘HlPl—PzHLz(p)‘Hl%—%llgm

Let us note that, due to the fact that the solution is less regular, the power in this inequality is
weaker than that in inequality (1.6) (28/3 instead of 38 /4 for B8 € (0, 1)).

1
lg1r — g2lli2xy) < —
m

Remark 3.7. Assume that 3Q2 = TyU oy UL, ToNTou = 4, T;NToy = Band ToNT,; = @.
Then, theorem 1.5 remains true for the (u, p) solution of the system

—Au+Vp=0, in 2,
divu =0, in 2,
u=020, on I,
ou

— —pn=g, on I'o,
on

ou

——pnt+qu=0, onDlgy,
on

where we have added a homogeneous Dirichlet boundary condition on the part of the boundary
I[';. Indeed, for this problem, we still have enough regularity on the solution to apply the
same reasoning as in the proof of theorem 1.5. Moreover, we can discard the assumptions
T;NTou =P and Ty NT,; = ¥ if we assume that K CC Ty and I' CC oy This allows us to
consider domains which are closer to the ones that we encounter in applications such as, for
instance, the first generations of the bronchial tree (see [4]).

Remark 3.8. As in [7], we can obtain from theorem 1.5 a stability estimate for the unsteady
problem when the Robin coefficient does not depend on time and under assumptions on the
asymptotic behavior of the flux g when it depends on time. The key idea is to estimate the
difference between the solution of the stationary problem and the solution of the non-stationary
problem by a function which tends to zero as 7 tends to zero, using an inequality coming from
semigroup theory. Doing so, the measurements have to be made in infinite time. Let us recall
that Bellassoued er al have already used this idea in [5] in the case of the Laplace equation
with mixed Neumann and Robin boundary conditions.

The result stated in theorem 1.5 could be improved in different ways. In the stability
estimate (1.6), the Robin coefficients are estimated on a compact subset K C I'oy Which is
not a fixed inner portion of I'yy, but is unknown and depends on a given reference solution.
To the best of our knowledge, obtaining an estimate of the Robin coefficients on the whole
set oyt Or on any compact subset K C oy is still an open question. At last, another natural
issue concerns the optimality of the logarithmic stability estimates. In [29], the Holder stability
estimates are obtained for the scalar Laplace equation when the Robin coefficient is piecewise
constant. For the Stokes equation, this question has been addressed in [16] where a similar
result has been proved.
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