Quantification of the unique continuation property for the
nonstationary Stokes problem

Muriel Boulakia *

A paraitre dans MCRF

December 14, 2015

Abstract

The purpose of this work is to establish stability estimates for the unique continuation property of the
nonstationary Stokes problem. These estimates hold without prescribing boundary conditions and are of
logarithmic type. They are obtained thanks to Carleman estimates for parabolic and elliptic equations.
Then, these estimates are applied to an inverse problem where we want to identify a Robin coefficient
defined on some part of the boundary from measurements available on another part of the boundary.

1 Introduction

Let © be a regular bounded connected open set of class C? in dimension 3. For any fixed final time
T > 0, we define @ = (0,T) x . We consider the nonstationary Stokes problem

Oy —Au+Vp = 0, inQ, (1)
div u = 0, inQ,

where u and p denote respectively the fluid velocity and the fluid pressure. Let us introduce the stress
tensor

o(u,p) = (Vu+ Vu') — pld.

Since the work made by Fabre and Lebeau in [15], the unique continuation property of this system is a
well-known property. It is given by the following result

Proposition 1. Let w be a nonempty open subset of Q. If (u,p) is a solution of (1) which belongs to
L2(0,T; HE () x L} (Q) and if u =0 in (0,T) X w , then

loc

uw =0 and p is constant in Q.

This property directly implies

Corollary 1. Let I' C 992 be a nonempty open subset of OQ. If (u,p) is a solution of (1) which belongs
to L2(0,T; H?(Q)) x L2(0,T; HY(Q)) and if

u=0,o(u,p)n =0 on (0,T) x T,
then
u=0,p=01in Q.
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More generally, for unique continuation results applied to parabolic equations, we refer to [23],
[24], [31], [32].

In this work, we want to quantify these unique continuation properties. More precisely, we
want to derive stability inequalities which assert that, if the measurements of 4 and p made on an interior
domain w or on a boundary part I'" are small, then u and p stay small on the whole domain 2. In what
follows, we will prove the following result:

Theorem 1. 1. Let T C 09 be a nonempty open subset of OSY. There exist a constant o > 0 and, for
all € > 0, there exists a constant Ce > 0 such that

C.M
lulle (e r—aicr @) T 1Pl e, r—agxm < ’CE‘MC‘ (2)
lo ( £ )

for all (u,p) solution of (1) in (H'(0,T;H*(Q)) N H?(0,T; H'(Q))) x H*(0,T; H*(Y)). In this
inequality, M is defined by

M = |Jull g0, 1383 9)) + 1wl g2 0,080 () + 1PNl 52 (0,752 (02)) (3)

and G is defined by
G = ||ull 20,7y x1) + llo(u, p) 0l L2(0,7)x) + VD - 0| L2((0,7) xT)- (4)

2. Let @ be an open subset of Q relatively compact in Q). There exist a constant o > 0 and, for all
€ > 0, there exists a constant Ce > 0 such that we have

C.M

= ()

”uHC([a,T—E];Cl(ﬁ)) + HPHC([E,T—a}xﬁ) =

log ( C.M )
lullz2 0,7y xe) + 1Pl L2 (0, 1) x )

for all (u,p) solution of (1) in (H*(0,T; H*(Q)) N H*(0,T; H*(2))) x H'(0,T; H*(SY)). Here, M
is again given by (3).

Remark 1. Let us specify the dependence of the constants C. with respect to € in this result. In the
proof of Propositions 2, 8 and 4 stated below, the dominant terms in € come from the fact that, in the
Carleman inequality for parabolic equations (for instance in inequality (27) ), the constant so has to be
taken larger than % Thus, following the proofs of these propositions, we can see that Lemma 2 will imply
that the constants C. in Propositions 2, 3 and 4 behave like e€/¢
in the statement of Theorem 1 also behave with respect to € like e

and this implies that the constants C.
Cle

Remark 2. We could have considered more generally the linearized Navier-Stokes equations like in [8].
The proof of the results presented in this paper can be adapted without any major mathematical difficulty.

Let us emphasize that these stability inequalities hold on the whole spatial domain and without
prescribing any boundary conditions on the solution. These two points will be central for the inverse
problem presented below (Theorem 2) because the parameter to identify is a Robin coefficient involved on
a part of the boundary where no measurements are available. The logarithmic nature of the inequalities
comes from the fact that we estimate the norm of u and p on the whole domain 2. If we are interested
by interior estimates of u and p, we get inequalities of Holder type (Propositions 2 and 3). For interior
estimates, we also refer to the recent work [8] which considers a similar problem and proves Holder
inequalities.

For the quantification of the unique continuation property of the Laplace equation, let us quote
among others the works [1], [2], [11], [28] and the references therein. Paper [2] gives optimal estimates in
terms of regularity of the domain, the solution and in terms of measurements. For the Laplace equation,
it is well established that the best possible rate for the global stability is logarithmic.



Theorem 1 is obtained thanks to estimates of propagation of smallness in the interior and up to
the boundary. These estimates are obtained following a method originally presented in paper [35]. In this
survey, the author deduces from local Carleman estimates with well-adapted weights conditional stability
results in the interior of the domain and up to the boundary. Let us mention that the results obtained in
[8] also rely on this method. For a reference on the unique continuation estimates on parabolic equations,
we also refer to [33]. The interior and boundary estimates are stated in Section 2 and give simultaneous
estimates on w and p. As in many other papers dealing with Stokes and Navier-Stokes equations (|21],
[16]... ), the system is rewritten by considering that « is the solution of the heat equation with —Vp as
right-hand side and that p is solution of the Laplace equation.

In the estimate (2) with measurements on the boundary, if we compare this estimate to the one
previously obtained in [10] (we refer to Theorem 1.4 in this paper), we see that, instead of measurements
of Vu-n and p on I', we need a single measurement of o(u,p)n. This comes from a result presented in
the note [22] which holds for general divergence-free functions (we also refer to [8]). However, we still
need extra measurements compared to the unique continuation property proved by Fabre and Lebeau
recalled in Proposition 1. This is linked to the fact that we need global estimates on the velocity and on
the pressure. In [27] and [20], local estimates are proved which only require measurements on w. In [27],
a three-balls inequality for the stationary Stokes problem is proved which only involves the L?-norm of
the velocity. It leads to a quantification of the unique continuation property like in Theorem 1 of the
following type:

lullzsay < Cllullsatoy Il

where A is a compact subset of 2 and 0 < § < 1. In [20], the authors prove a local stability estimate
which only involves the velocity for the solution of the Navier-Stokes equation. They assume that the
data belong to a Gevrey class and enforce specific conditions on the solution which are satisfied if
periodic boundary conditions are prescribed.

In a second step, we will be interested in applying this quantification result to get a stability
estimate for an inverse problem which has already been studied in [9] and in [10]. Our objective will
be to identify a Robin coefficient defined on some part of the boundary from measurements available on
another part of the boundary. To study this inverse problem, it is capital to have an estimate of the
pressure and the velocity on the whole domain like the one given by Theorem 1.

In this problem, we assume that the boundary 92 is composed of two open non-empty parts
Iy and T, such that T, UTy = 9Q and T, NTg = P (see Figure 1) and we consider the following problem

ou—Au+Vp = 0, in Q,
div u = 0, in Q,
o(u,p)n = g, on (0,T) x T, (6)
o(u,pyjn+qu = 0, on (0,T) x Ty,
u(0, ) = wug, in €.

Such system may be viewed as a simple model of the blood flow in the cardiovascular system
(see [29] and [34]) or of the airflow in the respiratory tract (see [4]). We refer to [14] for a presentation
in this last area of application. In these contexts, the real geometry is truncated and the properties of
the upstream domain are condensed on the boundary conditions which are prescribed on the artificial
boundary. The boundary part I'. corresponds to the external boundary on which measurements are
available and the boundary part I'y corresponds to an artificial boundary on which Robin boundary
conditions are prescribed. For similar studies with the identification of a Robin coefficient with the
Laplace equation, we refer to [3] and [13] and with the heat equation to [6] (see also the references
therein).

In [9], we proved a stability result (see Theorem 4.18 in this reference) which holds for a
parameter ¢ which does not depend on time and for measurements made on the interval [0, +oo[. As in
[6] for the Laplace equation, this result relies on properties satisfied by the semigroup generated by the
operator associated to the problem and is proved by comparing the solution of the non-stationary problem



-

Figure 1: Example of geometry such that I', UTg = 9Q and I'. N Ty = 0.

with the solution of the stationary problem. The quantification of the unique continuation property given
by Theorem 1 allows to generalize the result given in [9] to a parameter ¢ which depends on time and to
measurements made on a finite interval. Let us introduce the following notation

V={ve HY(Q)/ divv=0in Q}.
Then, we have the following result:

Theorem 2. Let Q2 be of class C*'and T' C ', be a nonempty open subset of the boundary of Q. Let
Ny > 0 be given.

Let ug € HY(Q) NV, g € H2(0,T;L%(T.)) N HY(0,T; H3(T.)) be non identically zero and g1, g2 €
H?%(0,T; H*(Tg)) such that q1, g2 > 0 on (0,T) x T'g. We assume that

2
||u0||H4(Q) + ||g||H2(O,T;L2(Fe))ﬁH1(O,T;H%(Fe)) + z:l ||Qj||H2(0,T§H2(FO)) S NO'
j=

We denote by (u;,p;) the solution of system (6) with ¢ = q; for j = 1,2. Let K be a compact subset of
{(t,z) € (,T —¢) x Ty /u1 # 0} for some € >0 and m > 0 be such that |u;| > m on K.

Then, there exists o > 0 independent of € and C(e, Ny) such that

1 C(e, N
I — galleqe < — (£, No)

m log( C(z, No) )

lur — w2l 20,1y <) + [V (D1 — P2) - 1| L2(00,7) %)

- (7)

To get this result (whose proof is given in Section 4), the first idea consists in writing the
difference between the boundary conditions satisfied by (u1,p1) and (ug,p2) on (0,T) x T'y:

u1(g2 — q1) = o(uy — ug,p1 — p2) n + q2(u1 — uz).

From this expression, we see that we will only be able to estimate g; — g2 on a set where u; does not
cancel. The existence of the constant m and of the compact K which appear in the theorem is ensured
by the continuity of u; and the fact that u; can not be identically null on (0,7") x I'y. This last property
is due to the unique continuation property (Corollary 1) and the hypothesis that g is non identically null.
Through m and K, the estimate given in this theorem depends on w; (or this could equivalently depend
on uz because the two solutions have equivalent roles).

To get an estimate on the whole set (0,7) x 'y, it would be necessary to prove a lower bound on the
velocity obtained thanks to a doubling inequality on the boundary ([1]). This sometimes may lead to
estimates of log-log type like in [5] or [7]. In our case, the interior doubling inequality obtained in [20]



(Theorem 2.1) with an exponential rate with respect to the radius of the ball leads us to believe that we
could only obtain a log-log inequality.

In the next section, we present local estimates of v and p in the interior of the domain or near
the boundary. We then gather these inequalities to prove Theorem 1. Section 3 is dedicated to the proof
of these local estimates. At last, in Section 4, we apply our estimates to the identification problem of a
Robin coefficient and prove Theorem 2.

2 Local estimates of the solution

In what follows, we will use the following notation: for ¢; < to, we define

HYO((ty,t9) x Q) = {u € L*((t1,t2) x Q)/Vu € L*((t1,t2) x Q)}.

Theorem 1 will be proved with the help of three propositions that we state now. The proofs of
these propositions follow the method presented in [35] for the parabolic equations like heat equation and
rely on local Carleman estimates for parabolic and elliptic equations. In [10], our quantification result
was based on local Carleman inequalities ([19], [26] and [30]) obtained thanks to Garding inequalities
involving pseudodifferential computation. The same inequalities were used in [28] to quantify the unique
continuation property for the Laplace equation. We refer to the survey [25] (and the references therein)
for a general presentation of these local Carleman estimates in the elliptic and parabolic cases. Here,
the local Carleman estimates that we will use are derived through direct computations. Like the global
Carleman inequalities, they are obtained thanks to the method of Fursikov and Imanuvilov [17]. We call
them local Carleman estimates because they are stated on a subdomain of (0,7") x  where we do not
prescribe boundary conditions on the solutions. Regarding the Carleman inequalities that we will use,
the inequality for the parabolic case is stated in [35] and the inequality in the elliptic case can be proved
with the methods presented in [17].

The first proposition gives an estimate of u and p in the interior of Q with respect to measure-
ments on a part of the boundary of €:

Proposition 2. Let I' C 9Q be a nonempty open subset of O and let Qo be a nonempty open set such
that Qo C QUT and 0 N O & T'. There exists 0 € (0,1) and, for any € > 0, there exists C. > 0 such
that
1-6
[ull 20 (e, ey x0) F 1Pl 10 (7 x020) < Ce ([ull o) + Ipllaro@) 7, (8)

for all (u,p) solution of (1) in HY((0,T) x Q) x HY°((0,T) x Q). In this inequality, F is defined by
F = |[ullzo,1)xr) + (Ve nllpz2o,r)xr) + Pl 220,750 ) + 1VP - 0l L2(0,7)x1)- (9)

If we compare estimate (8) with the equivalent estimate proved for the stationary Stokes equa-
tion in [10] (see Proposition 2.6 in this reference), we see that the norms of the measurements are similar
(the norms of the measurements in (8) correspond to the L%-norms in time of the norms of the measure-
ments in Proposition 2.6 in [10]) except that we need an additional measurement of v in H'(0,T; L*(T))
for the estimate (8). For parabolic equations like heat equation, it is proved in [35] that this norm can
not be removed, otherwise the estimate fails.

The second proposition gives an estimate of u and p in the interior of 2 with respect to mea-
surements in the interior:

Proposition 3. Let & be a nonempty open subset of Q and let Qg C Q be a nonempty open set relatively
compact in Q. There exists 6 € (0,1) and, for any & > 0, there exists Ce > 0 such that
1-6
[l 1.0 (e, - ey x20) FlIPI E10 (07— ) x20) < Ce (lull o) + IPlL2@))  (lullrzo,m) <o) Pl L2 (0.1 x@))
(10)

for all (u,p) solution of (1) in L?(0,T; H*(Q)) x L*(Q).



In these two propositions, the exponent 6 only depends on the geometry of the domain, whereas
the constants C' also depend on ¢ (in a way which is specified in Remark 1).

And the last proposition gives an estimate of v and p on the boundary with respect to mea-
surements in the interior:

Proposition 4. There exists a neighborhood Q of 002, a nonempty open subset & C § relatively compact
in Q, constants a, C > 0 and, for all € > 0, there exists constants C. > 0 such that

C.M

lulleer—cpcr@nmy + IPleqer—ax@nmy) < < M ) = (11)
log
lull 20,1y xo) + 2Nl L2((0,7) x )
for all (u,p) solution of (1) in (H'(0,T; H*(Q)) N H?(0,T; H'())) x H'(0,T; H*(Q)), where
M = [Jull g 0,113 () + [l 20,150 (92)) + 122 0,1322 (02))- (12)

Again, in this proposition, the exponent « only depends on the geometry of the domain, whereas
the constants C' also depend on & (in a way which is specified in Remark 1).

Remark 3. In Theorem 1, the hypotheses of regularity on the solution come from the hypotheses of
reqularity made in Proposition 4. In Propositions 2 and 3, the regularity of the solutions is much weaker
(even if, we have to give a sense to the norms which appear in the measurements on the boundary given
by (9)). In Proposition 4, if we do not assume that u belongs to H2(0,T; H*()) and remove the norm of
w in H2(0,T; H(Q)) in M, we can prove inequality (11) with the norm of u in HY(0,T; L?(®)) instead
of L?((0,T) x @) in the right-hand side.

Remark 4. In Proposition 3, we only assume that p belongs to L*(Q) and we get an estimate of p in
HY((e,T —¢) x Qq). Since, for all t € (0,T), p(t,-) is a solution of the Laplace equation in 2, results
on the interior reqularity for elliptic problem ([18]) directly implies that p belongs to H*°((0,T) x ).

These three propositions will allow to prove the quantification of the unique continuation pro-
perty given in Theorem 1:

Proof of Theorem 1. 1. We first apply Proposition 4 and we obtain the existence of a neighborhood €
of 092, an open subset @ C € relatively compact in 2 and a constant a > 0 such that, for all ¢ > 0

||UHC([25,T—25];01(s’mﬁ)) + ||P||c([2e,T—25]x(§m§))

< C.M

a (13)

log ( oM >
lull2 (e, r—e)x@) + 1Pl L2 ((e.7—e) @)

for some C. > 0. Let us now apply Proposition 2 on @. We get the existence of constants C. > 0
and 0 < 0 < 1 such that

1-6 _
lull 22 ((e,7—e) @) + 1Pl 22((e,7—c)x@) < Ck (lelHlvO(Q) + ||u||H1,0(Q)) Fl <c.M*—9F%
where F' is given by (9). Using this estimate in the right-hand side of (13), we get
C.M
AT (1)
1 g
s (F)

Let us introduce an open set g such that Q\ (fl N Q) CC Qp CC Q. We have, according to
interpolation inequalities,

”uHC’([26,T725];C1(§~Zﬂ§)) + ||p\|c([25,T725]x(Qmﬁ)) <

llull (26, 7—2e:01 () T 1Pl (26,726 x 20)
< Cllull gs/aoe, m—2e;m1174(00)) T+ 1P 374 (20 120 7/4(00))

< CM7/8(||u||L2(2s,T—25;H1(QO)) + Hp||L2(25,T—25;H1(QO)))1/8-
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We apply again Proposition 2 and we get

0/8
F
[ull o (2o, 7—2e:c1(90)) + [Pll(2e 7—26) x020) < CeMT/B(MF)/E = C.M (M)
We gather this inequality with (14) and we get that there exists a constant C. > 0 such that

C.M
||“||C([25,sze];01(ﬁ)) + ”pHC([ZE,Ter]Xﬁ) < ‘1 <C€’5M> a

To conclude the proof, we have to deal with the measurement terms to get an estimate with G
defined by (4) in the right-hand side. To do so, we first use an argument presented in [22] and in
[8] which asserts that

IVu-nllL20,1)xT) + lIPllL2(0,7)x1) < Cllull 200,781 (1)) + [l (s D)1l L2((0,7) xT))
Then, we notice that
[ull 20, 7;m1 () + 1Pl 220,710 (1)
< CHUHL2 ((0,T)xT) ||u||L2(0 T;H3/2(T)) + CHPHLZ (o, Xr)Hanz (0,T;H3/2(T"))
< C||UHL2((O T)xT) ||u||L2(O TiH2(Q) T C||pHL2((O T)xT) ||p||L2 0,15H2(Q))
and
||U||H1 0,75L2()) < C”“HL2 ((0,T)xT") ||“HH2 0,T;H(Q))

Thus,
F < CG1/3M2/3

which leads to (2).

. We proceed in the same way as in the first step except that we apply Proposition 3 instead of

Proposition 2.
O

Proof of the local estimates

3.1 Estimates in the interior of the domain: proof of Propositions 2 and 3

Let us first define some well-chosen weight functions which will be useful in the proof of Proposition 2.
To do so, we take again the setting of Proposition 2: we introduce I' C 9§ a nonempty open subset of
09 and €y a nonempty open set such that Qy C QUT and 9y NN & I'(see Figure 2).

Q



Figure 2: Domains SNI, Qo and 4

Then, we consider €2 a domain of class C2 such that  C Q, T = 92N Q and 9Q\T C 9. Let d € C?2 (5)
be such that d(z) > 0 for all z € Q, d(z) = 0 for z € 9Q and |Vd(x)| > 0 for z € Q. We define

Since Qy C 62, we can choose a sufficiently large N > 5 such that

Qo C {m € Q/d(z) > ;5} : (15)

These constants § and N only depend on the domains I" and Q. Let € > 0 be fixed and choose 8 > 0
such that ﬂ

e? <5 < 2B (16)
We arbitrarily fix ¢ty € (v/2¢,T — v/2¢) and set, for all (t,x) € R x R®
Y(t,x) = d(x) = B(t - to)? (17)

and
o(t, z) = o), (18)

where )\ is a large enough fixed positive parameter. Let us mention that these weights which are used in
[35] are more classically used for hyperbolic equations like wave equations.
For 1 <4 <5, we define

a5 B2
ui:e/\<"’6 N>. (19)
We then define 1 a sub-domain of Q such that Qg C Q1, 9Q; NN # 0, 9Q; NIN ¢ T and

1

ldllc@a) < 37N6' (20)

For 1 <i <5, we denote by

~ — i
Di = {(t,2) e Rx M /p(t,x) > pi} .
For these domains, the following lemma holds:

Lemma 1. The sets (D;) and (D;) satisfy the following properties:
(Z)( t0+\/—)X90CD5C...CD1.
(i) For all2 <i <5,
D; C (to — \/56,150 + ﬁE) X Ei—l-

(#i) For all1 <i <5,
aDl C 2171' U 2271' (21)
with $1; C (to — V2e,tg +v2e) xT and Ea; = {(t,z) € (to — V2¢,t0 + V2) x Qi /p(t,x) = p;}.

(iv) For all 1 <i <5,
8DZ C 2171' U 2271‘ (22)

with 31, C T NOQy and 3q; = {x €0y /d(z) = ]i[a}



Proof of Lemma 1. (i) Let (t,z) € (to — %,to + \%) x Q. We notice that
e2 5 €2
Y(t,z) = d(x) — B(t —to)? > d(x) — % > N(S - %

according to (15). This implies that (¢, ) > us which shows the first inclusion.

The fact that D;1 C D; for 1 <17 < 4 is obvious.

(ii) Now, let (¢,z) belong to D;, for 2 <4 < 5. Since ¢(t,z) > p;,

d(x) — B(t —ty)? > L5 (23)

Thus

Bt —t9)? < <1—;]>5+5N€2<2552 (1—;7>+ﬂNE2<2ﬂ52

thanks to (16). This implies that |t — #o| < v/2¢. On the other hand, we deduce from (23) that

using again (16). Thus, D; C (to — V2, tg + ﬂa) X 151'_1.

(iii) Let (t,z) belong to 0D;. If z belongs to i, then o(t,z) = pu; (otherwise, p(t,z) > p;
and thus (¢,x) € D;). Thus, (21) holds with ¥;,; C (to —V2e,t —i—\/is) x 0 and ¥y,; =
{(t,2) € (to — V2e,t0 + V2e) x Q/p(t,x) = p; }.

Let (t,z) € ¥;,. We have two cases. Either x belongs to 93 N 9Q C I' or = belongs to
O \ (0921 N9N). In the second case, according to (20),

1
< —o0.
d(z) < 3N6

Moreover, since ¢(t,x) > p; > p1 we have that

2 2
EPRCR pe 1.2, P
B(t to) _d(x)+ N No = 3N5+ N <0

according to (16). We get a contradiction and this allows to conclude that %,; C

(to — \/iE,to + \/56) x I

(iv) According to the definition of ﬁi, (22) holds for ENJM C 09, and §~]2)i = {x €Oy /d(z) = ;\76}

If z € 90y \ (I' N 8), then according to (20), d(z) < 350. Thus, = ¢ E This implies that
El,i cI'n an
O

Before starting the proof of Proposition 2, we give the following classical lemma

Lemma 2. Let A >0, B>0,Cy >0, Cy >0 and D > 0. We assume that there exists Cy > 0 and
v1 > 0 such that D < CoB and for all v > 1,

D < Ae®"Y 4 Be™©27,

Then, there exists C' = max(1, Coe“2") such that:

Ca C1
D < CA©%i+¢2 BCi+Cz,



Proof of Proposition 2. In this proof, C' > 0 stands for a generic constant which may depend on 2, I, T,
A and ¢ but which is independent of s and ¢g.
Let x € C?(R x ) be a cut-off function such that 0 < xy < 1 and

[0, ife(t ) <us,
x(t,@) { 1L it ) > pa. (24)

To define this function, we can take x(t,z) = ¥ <m> where Y € C?(R) is such that

Ha—H3
. [0, ife<o,
0<x(t,x) <1 and x(§ = { LoifES 1, (25)
We have the following estimate: for all 1 < 4,5 < 3, for all (t,2) € R x R3,
[9ux(t, )| + 10:x(t, )] + |0 x (¢, 2)| < C. (26)

Then v = yu satisfies
0w — Av = Ogxu — Axu —2Vx - Vu — xVp in Q.

We apply the Carleman inequality for parabolic equations on the domain Dy (see Theorem 3.2 in [35])
with the weight : for all fixed A large enough, there exist a constant sg > 0 and a constant C' such that,
for all s > sq

// (s|Vo]* + s|v|?) e**?dzdt < C// |0rxu — Axu — 2V - Vul|?e*Pdxdt
Dg D2

+C // |Vp|2e®*?dxdt + C// e*?(s|Vy v + s*|v]?)dodt.
Ds aDs

(27)

Let us mention that the constants C' and sg do not depend on ¢y since, if we look at the dependence of
the domain Dy with respect to tg, we see that the domains Ds are in translation with each other with
respect to tp.

By the definition of x (24), the first term in the right-hand side of this inequality is in fact an integral
on {(t,z) € Q/pns < p(t,z) < pa}. Thus, using (26), we get the existence of a constant C' > 0 such that:

//D |0xu — Axu — 2V - Vu|*e**?dxdt < C628“4HUH%1,0(Q)-
2

Moreover, for the boundary integral in the right-hand side, we use Lemma 1 (iii) for ¢ = 2. We obtain
that there exists a constant C' > 0 such that:

T
// 625“”(5|va|2+53|v|2)dadt§Cecf’s//|8tu|2+|Vu|2+|u|2dadt
ODo 0JI

where Cy does not depend on . Then, since by Lemma 1 (i), <t0 - > X Qo C D5 C Do,

13 13
7’t +7
VN TN

we obtain:
to+—=
v
625“5/ / s|Vul? + 53 |u|?dzdt
o= I

T
< 0625“4||u||§11,0(Q) + C’// |Vp|2e®? dadt + C’ec"s/ / 10ul? + |Vul? + |u|®dodt.  (28)
Dy 0Jr

Let us now obtain estimates on the pressure p to estimate the second term in the right-hand side.
According to Lemma 1 (ii), we have

to+v/2e
// (s|Vp|* + s%|p|?)e**dadt < / /~ (s|Vp|* + s%|p|?)e? ¥ dadt. (29)
D3 t D2

0—V2e
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We introduce a cut-off function y in C2?(2) such that 0 < ¥ < 1 and

; 2
-tz o

As previously for y, this function can be defined explicitly with the help of ¥:

- _ (2N 3
X(z) = X (5 (d(l“) - 2N6>) .
We have the following estimate: for all 1 <4,5 < 3, for all x € €Q,
10:x ()] +10i;x(2)| < C. (31)
Let us define 7 = ¥ p. Using that Dy C D; and ¥ = 1 on Dy, inequality (29) becomes

to+v2e
/ / (s|VpP + 53 [p|2) e dudt < / /~ (s|Vr? + 83|[2)e2 P duvdt. (32)
D3 t Dy

0—V2e
By taking the divergence of the first equation of (1), we obtain that Ap =0 in Q. Thus, 7 is solution of
Am=pAx+2Vp-Vx in Q.

We apply to 7 the classical Carleman inequality for elliptic equations (which can be proved as in [17])
on D; with ¢ = e*®: for all fixed A large enough, there exist constants 59, C' and C; such that, for all
s > So,
/~ (3| V7| 4 8%|n|?)e*Pdx < C/~ IpAX + 2Vp - Vx|2e*Pdx + C/~ (8|Vr|* 4 8%|n|?)e**Pdo  (33)
D Dy D,

By using Lemma 1 (iv), there exists C' > 0 such that
/~ Va2 + [nf2do < c/ b2 + |VpPdo.
oD, r

Thus, if we take § = se~*(t—t0)” and if we integrate inequality (33) over (tg — v/2¢,tg + v/2¢), thanks to
the properties (30) and (31) satisfied by X, we deduce from inequality (32) that there exist a constant s
and a constant C such that, for all s > s,

T T
// (5| Vp|* + s3|p|?)e** P dadt < C/ / (Ip|? + |Vp[?)e2*dxdt + Cecls/ / Ip|* + |Vp|?dodt (34)
Dy 0oJ/B 0Jr

where B := {z € Q/;%06 <d(z) < £6}. Let us remark that, thanks to inequality (16), we have for
(t,z) €(0,T) x B:
3 Be?

2
= —B(t—1t9)? < =6 < —6 —
U(tw) = dx) — Bl 1) < 2d < - O
which implies that ¢ < us on (0,7") x B. Thus, inequality (34) implies that:

T
// (s|Vp|* + *|p|?) e**¢dadt < Ce**+s Hp”?'{l)o((O,T)xB) + Cecls/ / Ip|> + | Vp|*dodt. (35)
Ds 0Jr

We sum up inequalities (28) and (35). The second term in the right-hand side of inequality (28) with
the gradient of p is absorbed by the left-hand side of inequality (35), for s large enough. Then, since by

. 5 €
Lemma 1 (i), <t0 - \/—N,to + N

) x Qg C D5 C D3, we obtain that, for all s > s,

to+ %
eZsrs / N / s|Vp|* + s%[p|? + s|Vul® + s*|ul*dzdt
t()—\/% Qo

T
< 0628”4 <||pH§{1,0(Q) + Hu”%{lO(Q)) + 06028/ / |8tu|2 + |V’LL|2 + |'LL|2 + |p|2 + |Vp|2dadt,
0Jr
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for Cy = max(Cy, C1) which is independent of £. This implies that, for all s > so:

2 2
el Er0 (20— — ot -5 ) x20) T+ HpHHlvO((to—ﬁ,to-i-ﬁ)XQU)

VRt UR
< 0057 ((|p|F g + [ullfroqgy ) + Ce™ F?
< Cem* (Ipl3 g + lullfiogg) ) + Ce™ F?  (36)
where C3 only depends on §, N and A and where F' is given by (9).

As already noticed, the constants in the right-hand side of (36) are independent of ty. Let us take the
following values for #g: .
je

to; = V2 + )
O,j \/N

with 7 =0,...,m
where m € N is such that

+1)e
Vet T o < e g MADE
VN ~— - vN

If we sum up over j the estimates (36) obtained with ¢ty = o ; for 0 < j < m, we obtain estimates of u
and p in (\/56, T — \/QE) X Q. Thus, replacing V2e by €, we obtain, for all s > sq:

lull 10 (e ey x0) + 1Pl 0 (e, 7 x0) < Ce* P2 (Ipllarogg) + l[ullarog)) + Ce*/2F. (37)
Thus, thanks to Lemma 2, we have proved estimate (8). O

The proof of Proposition 3 follows exactly the same steps as the proof of Proposition 2, so we will only
explain the main arguments and stress the main djfferences with the previous proof.
We introduce a function dy which belongs to C?(€) and which satisfies

d0>0inQ, dOZOOHaQ, |Vd0|>01ﬂ§\bd0

where wy is a nonempty open subset of 2 such that wy C w. Next, we take N > 5 large enough so that

Qp C {m € Q/dy(z) > ;5}

where § is now defined by 6 = ||do[|(q), and we choose 8 > 0 which satisfies (16). We keep the same
definitions (17), (18) and (19) for, respectively, v, ¢ and p; with dy instead of d. Moreover, we define

D; = {x € Q/do(z) > ;75}
and -
D; = {(t,z) e Rx Q/p(t, ) > p; } .
Points (i) and (ii) of Lemma 1 still hold with these new definitions.

Proof of Proposition 3. If we adapt the proof of Theorem 3.1 in [35] to our new weight ¢, we get the
following local Carleman estimate:

Let D C (0,T) xQ be a domain of class C? such that, for all ¢ € [0, 7], the boundary of the domain DN {t}
is composed of a finite number of smooth surfaces. For all fixed A\ large enough, there exist a constant
sp > 0 and a constant C such that, for all s > sq, for all v in H9(Q) satisfying d;v — Av € L?*(Q) and
suppv CC D

// (s|Vol* + s*v]*) e**?dadt < C// |0 — Av|*e**Pdxdt + C// s3|v|2e® P dadt.
D D ((0,T)x&)ND
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Let us define x by (24) with the new definition of ¢ and take v = yu. Since the support of v is relatively
compact in Do, we can apply this inequality to v in Dy. This implies that

to+—5=

625l~b5 TVE

to— =

/ 8| Vul? + s3|u|?dxdt
Vo

T
SC’@2S“4||u||§11,o(Q)+C// |Vp|2628‘pdacdt+0//33|u|2628‘pdxdt.
Ds 0Jo

To estimate the second term in the right-hand side, we notice that (32) still holds with 7 = xp where
X is defined by (30) with dy instead of d. Then, we apply to 7 the standard elliptic Carleman estimate
([17]) in Dy CC Q with our new weight ¢ = e*¥ for ) fixed large enough. Arguing in a similar way as
in the proof of Proposition 2, we get that there exist a constant sy > 0 and a constant C' such that, for
all § > 3§,

T
//D (s|Vp|* + s3|p|?)e** ¥ dadt < CeQS“SHpH%{LO((O’T)XB) + 053/0 / Ip|*e?*¢ dxdt
3 w

where B := {z € /5% < do(z) < 20} CC Q. Moreover, according to Cacciopoli inequality ([18]),
since Ap =0in (0,T) x €, we have
300,78y < CllPIZ2((0,7)x02)-

We then proceed exactly as in the proof of Proposition 2 to conclude the proof. O

3.2 Estimates on the boundary of the domain: proof of Proposition 4

For any = € R, we use the following notation x = (z1,2’) where 21 € R and 2’ € R?. Moreover, for all
R > 0, we denote by
B(0,R)" = {x = (z1,2") € B(0, R)/z; > 0},

where B(0, R) is the open ball of center 0 and of radius R, and by
Dr = {x = (z1,2') €R*/0 < x; < R and |2/| < R}.

Let (u, p) be a solution of (1). Thanks to a change of coordinates, we can straighten locally the boundary
of  and go back to the upper half-plane. For all P € 01, let ¢p be such a change of variables in a
neighborhood of P. The function ¢p is a C2-diffeomorphism on B(0,rp) for some 7p > 0 and satisfies

op(0) =P, ¢p(B0,rp)")=QN¢p(B(0,rp))

and
op({(x1,2) € B(0,rp),z1 = 0}) = 0Q N ¢p(B(0,7p)).
This function is illustrated by Figure 3.
Moreover, due to the regularity and compactness of €2, there exists R > 0 such that VP € 09, rp > 3R

and we can always assume that R < 1. Next, since 02 C U ¢p(B(0, R/2)), by compactness of 052,
PEOQ

N
there exist N points (P;)1<;<n of 9Q such that 0Q C U ¢p,(B(0,R/2)).

i=1
In the following, we fix 1 < ¢ < N and, to simplify the notations, we set ¢ = ¢p,. Let us define, for all
(t,z) € (0,T) x B(0,3R)™

oft,2) = ult, 6(z)),  alt,z) = p(t, B(x)). (38)

These functions satisfy the following problem:

{5),57)— div(Vvdg) 4+ BsVq = 0, in (0,T) x B(0,3R)™, (39)

div(A4Vq) = 0, in(0,7)xB(0,3R)",

13



D i

: N

Figure 3: The map ¢p.

with
Ay = |det(Ve)|(Vo) (Vo)

and

By = | det(Vo)|(Vg) ™"

Let us define the operator P by:
Pof = - div(44V ) (40)

for a regular scalar function f, and by
PyF = (P,Fy, PyFs, P,F3),

for a regular vector-valued function F' = (Fy, Fy, F'5). We can rewrite system (39) as follows:

{ o + Pyv+ ByVyg 0, in (0,T) x B(0,3R)*, (41)

Pyq = 0, in (0,7)x B(0,3R)".

Let € > 0 be given. We consider ¢y € (¢, — ¢) and z{, € R? such that |z{| < R. We choose 8 > 0 and
v > 0 such that

R<B&:2<2Rand%>1 (42)

and we define
d(x) = 1 —Al" — p|?,

U(t,x) = d(z) = B(t - to)? (43)

and
Q(n) = {(t,x) € Rx R*/xy < R+n and ¥(t,z) > n}.

Lemma 3. For 0 <n < &, we have Q(n) C (to — £,to +¢) X Dar C (to —e,to +¢) x B(0,3R)™.
Proof of Lemma 3. Let (t,z) € Q(n). First, we have that 21 < R +n < 2£. Moreover, since ¢(t,z) > n
21 >+l = ap? + Bt — to)?

This implies that 7 > 0 and that v|z’ — x{|? + B(t —t9)?> < R. According to the conditions (42) satisfied
by 8 and +, we obtain the first inclusion. The second inclusion is readily proved. O

In order to apply local Carleman inequality, we need to introduce a cut-off function

14



Lemma 4. Let 0 <7 < g be given. We can define a function x, € C*°(R x R3) such that 0 < x, < 1,

]., fw(ta ) 2 3 ’
Xn(t, @) = { 0, ﬁfw,i) < 2Z, (44)

and, for all (t,z) € (0,T) x Dz,

¢

C

5, forall1<1i,j <n,
Ui

where C' > 0 is a constant which only depends on R, T, € and ~.

Yozt

To prove this lemma, we can define x thanks to the definition (25) of x by x,(t,z) = x (
n

Proof of Proposition 4. Let us define (v, qy) = (xnv, Xnq). The function v, satisfies the following equa-
tion
Oy + Pyvy = =Xy BV q + 0ixnv + [Py, xnlv, in (0,T) x B(0,2R)™,

where the operator [Py, x,] is defined by
[Py, xnlv = — div(A¢vVXf7) — Ay VoV,
for all vector-valued function v. We denote by

~ 3R 3R
DR_{IERs/R<1'1 < 7,|l’l| < 2}

In the following, we consider that n € (0, %) is given. We apply the Carleman estimate for parabolic

equations (Theorem 3.2 in [35]) in Q(n) with the weight ¢ = e’ where 1 is given by (43): for all fixed
A large enough, there exists a constant sg > 0 and a constant C' such that, for all s > s,

1
// <|3tvn|2 + 5|V, |* + 83|Un|2> e**dxdt < O// | — Xy BsVq+ 0y xnv + [Py, Xylv|*e**Pdadt
Qm) \$ Q(m)
e / / (5 Veavnl® + $*[ogl?)e> P dodt.  (45)
oQ(n)

Notice that, since the domain Q(n) is a translation of @Q(0) in the direction x; for any 7, the constants
so and C are independent of 7.
Let us first estimate the last term in this inequality. We remark that

9Q(n) = {(t,x)/z1 = R+, ¥(t,x) > n} U{(t,x)/a1 < R+n, ¥(t,x) = n}.
Since x,, satisfies (44), v, = |Vv,| = 0 on {(t,z)/z1 < R+ n, ¥(t,x) = n}. Moreover, according to

Lemma 3, {(t,x)/z1 = R+n, ¢¥(t,z) = n} C {(t,z) € (0,T) x Dsn /a1 = R+ n}. Hence, there exists a
constant C' > 0 which does not depend on 7 such that

// (8|V i 20y |* + 83|vy|2)e**Pdadt < Ce®* J?
9Q(m)

where
S =Ml 0,75 102( By (46)
For the first term in the right-hand side of (45), we first notice that there exists C' > 0 such that

// Xy B Va|*e**?dzdt < C’// |Vq|?e?*? da dt
Q) Q(MNQ(2n)
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according to (44) and that there exists C' > 0 such that

s C
// ‘@Xnv + [Py, Xn]”|2€2‘w drdt < 7628&1 HUH%ILU((O,T)XDﬂ)
Q(n) n 2

where we have denoted a; = €3 and used Lemmas 3 and 4. By this way, if we denote ay = e,

inequality (45) becomes

g5z // (s|Vv]* + s°|v|*) dadt
Q(MNQ(4n)
C
< C// |vq|2625¥} dx dt 4+ j@QSal||U||%11,0((0’T)><D3R) +C€CSJ12 (47)
Q(MNQ(2n) n e

where the constants C' do not depend on 7. We now want to estimate the term with the pressure (first
term in the right-hand side). To do so, we will use the fact that ¢ satisfies an elliptic equation and apply
a Carleman estimate. First, we denote by

E(n) = {z € R*/d(x) > n and 21 < R+ n}.

Note that, according to (42), E(n) C Dsp and

Qn) C (to —e,to +¢) x E(n). (48)

In a similar way as in Lemma 4, let us introduce a cut-off function which satisfies the following properties:
For a given n > 0, there exists ¢, € C*(R®) such that 0 < (, <1 and

1, ifd(z) > 2n,
W@ =93 0, ifd) < 3?77 (49)

Moreover, there exists a constant C' > 0 depending only on R and ~ such that, for all z € D 3R, We have

|0iCn ()] < % and |0},¢,(x)| < 77%7 forall 1 <4,j <3.

We denote by 7, = (,q. According to (48) and (49), we will thus be able to estimate the first term in
the right-hand side of (47) thanks to the following inequality

t0+6
// (5|Vql? + 53|q[2) e da dt < / (s|Vmy 2 + 8| [2)e2% dwdt.  (50)
Q(MNQ(2n) to—e JE(n)

The function 7, is solution of

Pym, = [Ps,¢y)q in (0,T) x B(0,2R)*,
where the operator [Py, (,] is defined by

[Py, Colg = —V(f]A(lqu —div(gA4 V()

for all scalar function g. We then apply the elliptic Carleman estimate to m, in E(n) with the weight

& = e for all fixed A > 0 large enough, there exists a constant 3y > 0 and a constant C such that, for
all § > 3o,

/ (3Vmy[2 + 5|y [?) 2 dw < © / [Py, GlalPe* P de+C [ (35|Vmy 2+ 5|y [2)e? do. (51)
E(n) E(n) 0E(n)

The domain E(n) is a translation of E(0) in the direction x1, thus the constants §, and C' do not depend
on 7. Moreover, we notice that

OE(n) ={z €eR*/d(z) =nand 0 <2y < R+n}U{z €R®/d(z) >nand 21 = R+n}
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and, by construction, |m,| = |[Vm,| = 0 on {# € R¥/d(z) = nand 0 < z; < R+ n}. Thus, if we set

§ = se (=10 ip inequality (51) and if we integrate in time over (tg — &, + €), we obtain that there
exists a constant sg > 0 and a constant C' such that, for all s > sq,

to+e C
L[ 19m st mf?) e dodt < e all oy + CE T3
to—e E(’I]) 77 2

where Js is given by
Ja = ||Q||L2(07T;H7/4(5R))~ (52)
Thus, inequality (50) becomes

C
/ / (Vg2 + $%1q2)e*% dwdt < e gl a0z an ) + CEO .
Q(NNQ(2n) n 5

If we add up this inequality with inequality (47), the left-hand side of this inequality allows to absorb the
first term in the right-hand side of (47) if we take s large enough. Since Q(n) N Q(4n) C Q(n) N Q(2n),
we obtain that, for all s > s,

C — 48 S
0l 0@unmnam) + gl o @unnem) < el 25Cu N2 1 CeC3 (J2 + J2)
where C;, = ap — a; > 0 and M is given by (12). Since Q(4n) = (Q(4n) N Q(n)) U (Q4n) N{R+n <
z1 < R+ 4n}) and since ||v”§11v°(Q(4n)ﬂ{R+n<r1<R+4n}) + HqH311~O(Q(4n)m{R+n<m1<R+4n}) is bounded by
J? + J2, we can in fact estimate v and ¢ on the whole set Q(47n): for all s > s

C —z8
[0l %.0eany) + 17 0(@ean) < e B M? + Ce“3(JF + J3).

Since C,, = e — 33 = 3A(eM — 1) > M — 1 > A1, we get the existence of sg, C > 0 and C; > 0
which are independent of 1 such that, for all s > s,

C —S S
vl z10Qeany) + lall mro(@an)) < ?6 MM 4 Ce5 (Jy + Jo).
Applying Lemma 2, we obtain that there exists a constant C' > 0 such that, for all n € (0, %)

1
M\ Citrn An C c, An
||”U||H1.,0(Q(4,7)) -+ ||QHH1,0(Q(417)) <C (772> (Jl + J2)01+An < ?MC‘1+X77 (Jl + J2)Cl+/\n. (53)

Now, let us introduce the following set

15 R
Q1(4n) = {(t,x) €R x R3/|t—t0| < 2 4n+7|x’—x6|2 < @ —B(t—to)2 <477+2}.

Thanks to the property (42), for all n € (0, %), Q1(4n) C Q(4n). For all (t,x) € Q1(4n), let us set

F1 =1 — Bt —t9)%

Then
(t,z) € Q1(4n) < tel., (T1,2') € B(4n)
where
€ € ~ / / 712 ~ R
I. = (to - §’t0 + 5) , B(4n) = {(xlvx )/4774'7\9E —xgl® <& <4n+ 2}-

Let us set, for all t € I, and (Z1,2") € B(4n),

w(t, 1,2") = v(t, i1 + B(t —to)%, ).
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Then,

1
e @ram) = 1Wle(@man) < Clvlassaanmman < Ol st camm 101 B ey

Since the domain B(4n) is the translation of B(0) in the direction x1, the constants in these inequalities
are independent of 7. Coming back to the function v in the right-hand side, we get that
< CM* Hv|| 12(Q

[[v]] c(@am) = C”UHHl (0,T:H2(B(0,3R +))HU”L2(Q1(4n)) Q4n))*

The same inequalities hold for Vv and ¢. Consequently, thanks to (53), we have

1
7 8

C <& _an_
19l gramm) + 170N rcam) * 19l (gram) < €M <n2Mcl+An (1 +J2)01+/\n>

An
8(C1+2n)
M (‘]1 + J2> B GY

<
- M

\E\»—“ Q

An C
Since n € (0, %), we have that (%) sl@1tan) < (%) " where C > 0 is a constant which does not
depend on 7. Thus,

C Ji1+ Jo
ol arrm) * 19 o arrmn) * Mol < 2 (2572

Let ¢ = (&,&3) € R2. In particular, for all ¢/ — z{| <

2770<77< 8,wehawe

v (to, 4n + 7| — 20, &) | + |V (to, 40 + I — 25>, &) |

+ |q (to, 4n + 7€' — ap)?,¢')| <

2 Q

M <J1A”2J2)Cn. (55)

Let us define

=
H—/

R
Qm6={$ER3/7|QE :C0|2<:1:1< Lz — x| <
Thanks to the following change of variables:

(n,&) = (4n+~[¢" — (>, ¢),

we obtain:

L_2|g' —xp)?
|v(t0,x)\2dx:4/ / lv(to, dn + 1€’ — 2|2, €) [ dde”.
/16 5’—T0\<\/;

By performing the same calculation for Vv and ¢, we obtain thanks to (55),

S (N B\
[ ot 00 + 190000, ) + atto )P < €0r% [T b (252 )
’ 0

o

(56)

According to the definitions (46), (52) and (12) of Jy, J2 and M, there exists a constant Co > 0 such
that J; + Jo < CoM. We notice that

Cn +o00
0 0

ol

1

) [ ()
<N —— Clo e~ Clos(E RN
- <Clog(fi”f2)> 0 & J1+ J2 ! G
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By performing the change of variables 1; = C'log (gij\§2> 71, we finally obtain that

R

S (N I'(3)
/On (102M2> dngc(mg(cjf”))%’

J1+J2

where T is the gamma function. Thus, if we come back to (56), we obtain that, for all 2, € R? such that
7ol < R
CM

(1og (224))

i 1 7 1
) < Cllotto, Mg, Iotto e, < EMElvtto laqa,

[v(to, e a,,) +llalto, Nz, <

Then, by applying an interpolation inequality, we obtain

sup_[v(to, 2)| < Cllulto, )l mrrs(q
IGQ%

x

where the constant C' > 0 does not depend on zf since the domains Q% are in translation with each
other in the direction z’. Similar inequalities hold for Vv and g.
Thus, for all ¢y € (¢,T —¢), for all z{, such that |zy] < R

CM
sup_[v(to, 2)| + [Vo(to, z)| + [g(to, z)| < T
T ’ Co M
€Qq, <log (Jlit]z))
Since B(0, R/2)t Cc {x € R3/0 <x1 < R/2, |2/| < R} C U{zg/pcg\SR} Q. , this implies that
CM
sup [v(to, z)| + |[Vou(to, z)| + |q(te, z)] < -
(to,x)€(e,T—e)xB(0,R/2)T (log (fﬂé)) 32
We notice that s
SitlasC (H””L%(O,T)xﬁm + ”q”LQ((o,T)xER)) M,
Thus,
||UHC(E,T—E;01 (BOo,r/2)7)) + HqHC((5,T—e)><l§‘(0,R/2)+)
CM

<

1 oM =
og
1Vl 20,7y x By + 141l L2((0,7) x B

The last step consists of coming back to an estimate on (g,7 — ¢) x ¢p,(B(0, R/2)") of u and p related
to v and ¢ by the change of variables (38). Then, if we sum up the obtained inequality for 1 < i < N, we
get estimate (11). O

4 Stability estimate for the identification of the Robin coefficient

In this section, we come back to the inverse problem presented in the introduction. In particular, we
consider system (6) and we assume that 9 is the union of two disjoint parts 'y and T'.. We will prove
the stability result on the Robin coefficient g given by Theorem 2. Let us first state regularity results for
the following problem

Ou—Au+Vp = 0, in (0,7) x Q,
div u — 0, in(0,T)xQ,
a(u,p)n = g, on(0,T)xT,, (57)
olu,p)n+qu = h, on (0,T) x Ty,
u(0, -) = wug, in Q.

The solution of system (57) satisfies the two following propositions:
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Proposition 5. Let Q be a bounded and connected open set in R3 of class CV' and let Ng > 0 be
given. We assume that ug € V, g € H'(0,T;L*I,)) N L2(0,T; H=(T,)), h € H'(0,T;L*(,)) N
L2(0,T; H=(Ty)), g € WHo°(0,T; L>®(T)) N L0, T; H*(T)) with s > 1 and that

q>00n(0,7)xTo, lgllzz0m:me o)) + lallwio ;L ry)) < No-

Then problem (57) admits a unique solution (u,p) € L*(0,T; H?(2)) N HY(0,T; L?(Q)) N L*°(0,T;V) x
L2(0,T; HY(Q)). Moreover, this solution satisfies:

Null 220, 1:52 ) + lwll 520,722 (02)) + [ull o 0,755 ()) + 1Pl 220,781 ()

g C(HU’OHHI(Q) + ||g||H1(0,T;L2(Fe)) + ||g||L2((],T;H%(FC)) + Hh”Hl(O,T;Lz(FO)) + ||hHL2(O,T;H%(F0)))

where C depends on Ny.

Proof of Proposition 5. For the proof of this result, we follow the proof of Theorem 2.6 given in [9]. In
this paper, the existence of solution (u,p) in L2(0,T; H*(Q)) x L2((0,T) x 2) is first stated in Proposition
A.1. In our case, the hypotheses on the data slightly differ (especially ¢ depends on time) but the proof of
Proposition A.1 in [9] can be directly adopted to our case. Then, to get the time regularity, we multiply
the first equation of (57) by d:;u and integrate in (0,¢) x Q. We get

t t
//\8su\2dxds+1/|Vu(t)|2d:c+1/ / q 0s|ul? dz ds
0 Ja 2 Jo 2 Jo Jr,
1 t t
— 5/ \Vu0|2dx+/ / h@sudxds—l—/ / gOsudx ds.
Q o Jro o Jr.

and, to deal with the last term in the left-hand side and the terms in the right-hand side, we integrate
by parts in time. By this way, we get a bound on w in H'(0,T; L?(Q)) N L>(0,T; H*(£2)). At last, we
use regularity results for the stationary Stokes problem with Neumann boundary conditions given by [12]
which we recall here

Lemma 5. [12]  Letk € N. We assume that Q is of class C*+11 and that (F, H) € H*(Q)x H* 2 (09).
Then the solution (u,p) of

—Au+Vp = F in{,
div u =0 in €,
olu,p)n = H on 09,

belongs to H*+2(Q) x H*1(Q) and there exists a constant C > 0 such that:
ull vz + Pl eer @) < CUHN or g ) + 1Ear@)-

Putting in the first equation of system (57) the term d;u in the right-hand side, we apply this lemma
with k& = 0 and we get the spatial regularity of (u,p) in L(0,T; H?(Q2)) x L?(0,T; H(Q)). O

Proposition 6. Let  be a bounded and connected open set in R® of class C*' and let No > 0 be given.
We assume that ug € H(Q) NV, g € H*(0,T;L*(T.)) N HY0,T; H2(T,)), h € H2(0,T;L*Ty)) N
H'(0,T; H?(I'y)), ¢ € H*(0,T; H*(T0)) and

q=00n(0,7) x Lo, |qllm20,1;2(re)) < No-

Then problem (57) admits a wunique solution (u,p) € H?(0,T;H*(Q)) N W2>=(0,T;L*(Q)) N
HY(0,T; H3(Q)) x H2(0,T; L*(Q)) N H*(0,T; H?(2)). Moreover, this solution satisfies:
lwll 20,511 () + 1wl 0,103 ) + [wllwz.eo 0,502 ) + 1P 520,752200)) + 1P a7 0,7312(02))

< Clluollzr4y + gl 20,7221, )) + 19l + 1Bl 20,712 (r0)) + [|B]

HY(0,T;H3 (T.)) H1(07T;H%(Fo)))

where C depends on Ny.

20



Proof of Proposition 6. We notice that (v,q) = (Opu, Oyp) is solution of

ow—Av+Vqg = 0, in (0,7) x Q,
div v = 0, in (0,7) x Q, (58)
o(v,¢)n = g, on (0,T) x T,
o, )n+qu = 0Oth—dwqu, on (0,T) x Ty

As in Proposition A.1 of [9], we prove the existence and uniqueness of a solution for this problem and
get that (u, p) belongs to H'(0,T; HY(Q)) N W°(0,T; L*(Q)) x H'(0,T; L*(2)). Then, Lemma 5 with
k =1 allows to get that (u,p) belongs to L%(0,T; H3(2)) x L?(0,T; H?(f2)).

Now, we can apply Proposition 5 to system (58) and get that (u,p) € H(0,T; H?(2))NH?(0,T; L*(Q2))N
Whee(0,T; V) x HY(0,T; H'(Q)). The spatial regularity is improved using again Lemma 5 and we get
that (u,p) belongs to L>(0,T; H3(Q)) x L>=(0,T; H*(Q)).

Finally, considering the system satisfied by (Oyu,dup), the solution (u,p) is proved to belong to
H2(0,T; HY(Q)) N W?2°°(0,T; L?(2)) x H?(0,T; L?(Q2)) and the regularity of (u,p) in

HY0,T; H3(Q)) x H*(0,T; H*(Q))

is obtained by applying Lemma 5.
O

We are now able to prove Theorem 2. Under the hypotheses made in the statement of this theorem, accord-
ing to Proposition 6, (u1,p1) and (ug, p2) belong to H2(0,T; HY(Q))NH(0,T; H3(Q)) x H(0,T; H*())
and we have, for i = 1,2,

will 2 0,510 ()) + Nwill 50,0513 () + 1Pill 57 0,732 (02)) < C(No). (59)

The functions u = u; — us and p = p; — py are solutions of

Ou—Au+Vp = 0, in (0,7) x Q,
div u = 0, in (0,7) x Q,
o(u,p)n = 0, on (0,T) x T, (60)
olu,p)n+qu = ui(g—q), on (0,T)x Ty,
u(0, ) = 0, in Q.

Thus, on K C {(t,z) € (6,7 —¢) x 'y /uy # 0}, we have
mllg2 — q1llcxy < C(No)(IVullo(e,r—e)xro) + IPlc(e,r—e)xT0) + Ullc(e,7—e)xT0))-

Then, we can apply the first part of Theorem 1 and we get that there exists & > 0 and C. > 0
C.M
«@

lo CeM

s\ @
where M is defined by (3) and G is defined by (4). According to Proposition 6, applied with ug = 0,
g=0and h = u1(q2 — ¢1), we have

mllg2 — a1llex) < C(No)

M < C(llur(gz — q)llm2(0,7522(ro)) + llur(g2 — (J1)||H1(O,T;H%(FO)))
< Ollluallzzo,msm oy llaz = aullmzo,rm200)) + lwallm o, msm2) a2 = aull g 1t (1))

< C(N0)7
according to (59). This proves Theorem 2.
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